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Abstract. The differential equations of the perturbed motion for the particular
case of the nonrestricted three-bodies problem are received, using the classical
method of variation of constants. As the perturbing function the terms of the
third order in the Hamiltonian were used. The equations of the perturbed
motion of the periastrons of the inner and outer orbits and the node were
integrated by the iteration method. As the example the stellar system £ UMa
was used.
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1. Introduction

The present study is the solution of equations of the perturbed motion of three
points in which the masses of the points are comparable and the ratio of the
semi-major axis of their orbits is the small parameter. The solution of the in-
termediate orbits received by Hamilton-Jacobi’s method (Orlov and Solovaya,
1988) is considered to be unperturbed and has the following form:

Li= Ay, Blza%(t—to)”l*g%’
Ly= Ay, Bzzaa—;(t—to)+lg+gig,
Gy = %Zl, Bgzaa—;(t—to)—f—%, (1)
Go= Ay, 342%(t—t0)+92+%7
c=A4s, Bszai;(t—to)-l-h—&-gz/;.

The general solution of the simplified equations of the unperturbed motion
depends on ten arbitrary constants of integration A; and B; for i = 1,2, ...5.
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The connection between the constants £ and Aj is expressed as:

7 Vo 1 At A;

_ _ LA 2
T YRSy REYEN R 2)
where
! 5 5
N="" =2 y=kmmy=r,
241 H2 1
mo M (mo +m1) ma
= _—, = — 3
H mo + mq H2 mo + my1 + meo ( )
8 =k momi By = k (mo + my) ma

Vmg +my’ Vmo +my +mgy’

and k is the Gaussian constant and mg, m1, and mq are the masses of the points.

The Hamiltonian of this simplified dynamical system depends only on a
single angular variable g; (the argument of the periastron of the close pair).
W1 = Wi(g1) is the seeking function, which defines the change of the eccentricity
of a close orbit.

To obtain the approximate solution of the differential equations of the per-
turbed motion, the method of variation of constants was applied. The canonical
constants A; and B; become the canonical variables.

The differential equations for A; and B; have the form:

dA;  OR dB,  0OR
dt  9B;’ dt 0A;

(4)
where

R = F3(91,92) + Fu(g1,92) (5)

As the perturbing function R we use the terms of the third F3(g1,g2) and
the fourth Fy(g1,g2) orders in the Hamiltonian, as determined by Solovaya and
Pittich (1996). The terms of the third order were determined by the application
of von Zeipel’s method. The perturbing function depends on nonangular vari-
ables L1, Lo, G1, G2 and two angular variables g; and go — the periastrons of
the both orbits.

L;, G;, and g; are the canonical Delaunay elements (j = 1 for the inner
orbit, 7 = 2 for the outer orbit). They can be expressed through the Keplerian
elements as:

Lj=Bjva;,  Gj=Lj\/1-¢€f, gj=uwj (6)
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where

@ G2 - G2

1= 70,6,

(7)

The notations in the previous expressions have the usual meaning: a; — the
semi-major axis, e; — the eccentricity, w; — the arguments of the periastron.
The eccentricities of both orbits can take any value from zero to one, ¢ — the
constant of the angular moment and ¢ — cosine of the mutual inclination of the
orbits. It can take any value from 0° to 180°.

It may be remarked that the equations (4) become inconvenient to practical
application because after differentiation of R with respect to A; the time ¢
appears as a factor in the coefficients of the periodic terms. Therefore, instead of
the variables B;, new functions were introduction (Pittich and Solovaya, 1998).

As the new variables the secular parts of the angular variables in the per-
turbed part of the Hamiltonian were taken. Denote them as \;. Using the Jacobi
theorem about the canonical transformation we found the corresponding vari-
ables A;.

The canonical system of the differential equations in the new variables can
be written as:

dA; 0z i 97 ®)
dt o\ dt  OA;’

fori=1,2,...5, where Z = ¢+ R.

The Hamiltonian of the transformed system of the perturbed motion depends
on ¢ and R. € corresponds to the unperturbed motion. The second term R is
the perturbing function.

2. The perturbing function R

The Hamiltonian of the transformed system of the differential equations of the
perturbed motion equals the sum of the two terms: £ and R. The first term corre-
sponds to unperturbed motion and when R = 0 will be constant.The perturbing
function R = F3 has the form:

75 L3

Fy=— B2
5 1536+, G] L3

[Fs,.. + F3(g1) + F3(g91,92) + Fa(g1,92)] 9)
where
2 2 45 9 4 2
F,., = 2475 (=1+7%)" + < (85— 2107 + 1177*) €3 +

9 Go
= (275 — 510 7% + 243 n*) ==
+2( n? + n)L2+
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+367 (35 — 33n%) (3 +2¢3) %q—!—

+ |18 (=325 + 6300 — 3097*) +

27
+ (F175+ 4700 = 27107") €5 +
2 4 GQ 2
+ 27 (—125+ 2107 —9377)L— q +
2

+367 (15 — 177%) (3 +2¢€3) %cﬁ +
1

+ 45 (75 — 1109 + 43n*) +

45
+5 (=75 +110 n? —43n*) e3 +

81 G
+5 (75 — 110m* + 43n*) LQ} 7, (10)
2

13
2

G
63—1-62)—1—

F3(g1) = {45 (=5+8n*—3n") (16—1— I,

+5407 (1 —n?) (3 +2€3) %q—i—
1

e
+180 (5 — 872 +37%) <9+e§+6L2> 7+
2

+540n (—147°%) (3+2€3) % ¢+
1

5 G
+45(-5+8n° —3n") <20+ 56% +18L§) q4}cos(2gl)+

225 . 2\ 2 é 2 @
+7( 1+77) {4(8 e2)+9L2+

+[; (—8+e§)—18} @+

+ [i (8 —€3) +92} q4}cos (491), (11)
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F3(g1,92) =

45 eq €272 71 G3
v L3

x [(T=3n*) (-1 =11g+5¢*+15¢%) cos (g1 — g2)+
+35(1—n%) (1 —q) (1 +¢*) cos (391 — g2) +
+(7-30*) (-14+11g+5¢* —15¢%) cos (g1 + g2) +
+35(1—=n") (=1+¢*) (1 +q)cos (391 + g2)] +

3375 9 ,
t— (—1+7*) €3 (~1+4q) (1 +q)° cos (4g1 — 292) +

45 ¢
+{2(_5+8n2_3n4)e§+720n( 1+n)€2L2+
1
585 G
+|75 (-8 +3n)e%+27077(—1+772)e§LQ]qu
I 1
[ 2 4\ 2 2.2 G2 2
+ (315 (5= 87" +3n%) e+ 1440m (1 = n*) €3 7= | ¢ +
I 1
n 6;5( 5+ 877 3n4)e§+810n(1—n2)e§§2]q3+
I 1
L 675

(-5 +8n? 3n4)e§q4}cos(2g12gg)+
9
+ {4 (275 — 5107 + 243 n*) e3+

G2
+1087 (15 —17n )62 17 q+

1
+18 (—175+270n° — 1119*) €3 ¢* +

Gy .
+1087 (—15+ 179%) €3 72 ¢+
1

135
+ (75— 1107° + 4379 )e§q4}cos (2g2) +

4
+{25(5+87723n4)e§+72077(1n) CL; +
1

{585 Gy
+ +

5 (-=5+8n? —377)e§+270n(—1+772)e§L— q
1
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+ {315 (5-8n"+3n")es + 1140 (1 —n) e

+ {6;5 (5—8n*+3n*)e3 + 8107 (1 —n?) €3 ij ¢+
+ ? (=5+8n*—3n") €3 q4} cos (291 +2g2) +
+338f75 (—1+772)2e§ (—1+q)3(1+q)cos(4gl+292). (12)
And
Fy(g1,92) = ) Li Vi-d

8192 ° L} (—1+e2)" (1+e2)*
x [(8+40¢ +15¢l) (2+3¢3) (3 - 304% +354*) +
+140€? (2+€f) (2+3€3) (—1+8¢* — 7q*) cos 291 +
+735¢] (2 + 36%) (—1 + q2)2 cos4g; +
+735e1% €2 (1 — q) (1 + q)° cos (4g1 — 2g2) +
+140€3 (2+€2) e3 (1 4+q)° (1 — Tq +T7¢%) cos (291 — 2g2) +
+10 (8 +40€f + 15¢€7) €3 (—1 4+ 8¢* — 7q*) cos 29> +
4140 €7 (2+ e%) e3(—1+ q)2 (1+7q+ 7q2) cos (2g1 + 292) +

+ 735 ¢t €3 (1— )" (1+q) cos (491 +2g2)] . (13)

where n = /1 — e3.

The effect of R is at least an order of magnitude smaller than that due to e.
Define the order of the terms: the value ¢ is defined by formula (2). It consists
of three terms. They have orders: zero, first and second. (Remember, that the
small parameter is the ratio of the semi-major axis). The next term of the
Hamiltonian F3 will have an order not less than the third. Before the solution
of the equation (8) we must express the perturbing function R through new
variables A; and A3 and A\4. The new variables A1,A,A4 and Aj5 coincide with
the old, the substitution may be produced by simplifying A; = Ay, Ay = A,
Ay = Ay, A5 = As. The angular variables g; and go in the intermediate motion
are

g1 =v3(t —to) + @1 go = wvu(t —to) + P2, (14)
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where v3 and v4 are the secular terms, ®; and ®, the periodic terms in the
motion of the periastrons of the orbits.
Then in the new variables:

A3 = )\SOJrVg(t*to), Ay = )\40+I/4(t*t0), (15)

The complex problem is to express the perturbing function R through As,
so for this it is necessary to solve the equation

Az = %W1 (91) - (16)

However, we may obtaine such a system of the differential equations of the
perturbed motion, wherein As will not be the required function. We will take
the functions A, Ao, Az, Ay, As and A3, \4.

The system of the differential equations will not be canonical, but the de-
pendence of the right parts of these functions will be simplified further. In the
future, we will use only the term of the third order, the term of the fourth order
is very small. The perturbing function in the new variables has the form:

3 AY

Fy=— 121
> 1536, A] A3

[F3... + F3(A3) + F3(A3, A1), (17)
where

4 A2
Fy.o= 2475 (~ 14 7?)° 4 2 (85— 21007 + 1175) ( - A;;) N

A4
Az

A2\ Ay
+367 (35 — 3312 (3+2( —4>> +
n( n?) 1)) 4

+= (275 - 5107 + 243n*) —— +

N ©

+ [18 (=325 4 6309 — 3097") +
27 2 4 421
+T (=175 +4709° = 271n") (1 - =5 | +

A
+ 27 (—125 4 2109 — 937n*) A“] 7+
2

15 — 1702 2 (1 ATV A4 s
+36n (15— 177%) ( 3+ — ) )t
2 1

+ [45 (75— 110" + 43n*) +
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45 A3
+— (=75+110n" —43n*) (1— 5 | +
8 A3

81 A
+ = (75— 11092 + 437") =2 | ¢, (18)
2 Ay

13 A3 A
F3(\3) = {45 (=5+8n>—3n") (16+ = (1 4) +64> +

2\ AZ A,
A2\ 4
407 (1 =72 2 (1-22) )22
rsa0n (1-P) (342 (1-44) ) o
A2 A
+180(5—8n2+3n4)<9+(1—A§)+6A4>q2+
2 2
A2\ A
407 (=1 + n? 2 (1-22) ) 2243
+5407 ( +n)<3+ ( A%»Al
5 A2 A
_ 2 4 e _ 4 14 4
+45(-5+87 3n)<20+2< A%>—|—18A2)q}x

x cos (2 A3) +

225 2 (5 A? Ay
U (1 2 e — _ 4 4
+2( +n){48 ( A§>)+9A2+

5 A2 Al
+ |:4 (8— ( _14%> +9I2 q COS(4>\3), (19)
2
45/ T=1P 1= 72y A3
Fg()\g,/\4) = ’)/2 A2 X
3471

x [(T—=3n%) (-1 =11g+5¢* +15¢%) cos (A3 — Aa)+
+35(1—n%) (1 —q) (14 ¢*) cos (3A3 — \a) +
+(7=37%) (—14+11g+5¢* —15¢%) cos (A3 + As) +

+35(1=7n%) (14 ¢%) (1+q)cos (3A3+ A1) +
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3375 2 A3
=g (=147 (1 - A;‘) (—1+9¢) (1+9)° x
2

X cos (43 —2Ng) +

45 5 s A?
+{2( 5+8n 377)(1 e +

A2\ A
20m (—1+n?) (1-22) 22
+7077( +77)( A%)A1+
A2
+[5&5(5—8772+3n4)<1—3>+
2 A2

A2\ A
+27077(1+772)( A;‘) A‘j q+
2

A2
+ [315 (5-8n"+37") (1 — A%) +

A%\ A
1440 (1—n?) (1= 22 ) 22| &2
+14407 ( n)( A§> Al]q +

675 2 ad A
+[2(5+87) 377)( A2 +
A2\ A
107 (1-n?)(1-52) 52
+8107 ( n)( A%) Al}q +
A2
+6275(5+8n23174)< A;‘) q4}COS(2/\32/\4)+
2

9 2 4 AAQL
+9 = (275 =510 +24379") (1 - =5 | +
4 A2

A2\ Ay
1 15—-17n?%) (1 -=2) ==
+1087 (15 777)( A%) Aqur
AQ
+18 (—175 4 270° — 1117*) (1 - A;‘) ¢+
2

+1087 (—15 + 179%) ( — 4) =+
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135 A2
+ = (75— 1107* + 437") (1 — A;*) q4} cos (2 \g) +
2

45 2 4 A? 5 A3\ Ay
+{2(5+8n 377)(1 1 + 7200 (1 —n?) )4t

[585 2 ooa A2 > A3 Ay
— (- —~ 1—-=2) +2709 (-1 -2 =
+| 5 (=5+8n 3n)( )t 700 (=1 +17?%) ) a1t

_ Al A3\ A
+ 315(5—87}2+3774) (1—A§>+1140n(1_772)( _A;L) 144} P+
§ 2 2 1

[675 2 4 A?l 2 AAQL Adl 3
— (- 1- = 10m (1- 1- =5 )5
13 (5-8n +3n)( X +8107 (1 —17?) 2)a

675 2

A
+ - (—5+8772—3774) (1— A;L> q4}cos(2)\3+2/\4)+
2

3375
+7

S (-1 +772)2 (1 - Ai) (=14 ¢)° (14 q)cos (4 A5 +2\a). (20)

A3

These functions may easily be differentiated. We must integrate the system
of the differential equations

d4, OF; Ay, OF

dt o\ dt — 04, (21)

fori=1,2,...5.

3. Perturbations of the third order in the motion of perias-
trons and node

We will integrate the system of the differential equations using one of the clas-
sical methods, e.g. by the iteration method. Since the perturbing function Fj is
an order of magnitude less than in the intermediate motion, the changes of the
elements will be slow, over considerable periods of time. To the first approxi-
mation, therefore, we may consider the right-hand side of the equations (21) to
be a function only of time. To define the secular motion of the periastrons and
node we obtained the following equations:

%77 6md OR
dt 24, GoKY, ) 043’
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dXy _Q4 Y+ Q5 X0+ Q6 Xy + Q7 Xs OR OR
o 72 00 54, ~ 94,

i A1 G5 % 3 4
%:_-Q821+Qi§4—Q72565 OR )
dt AL Gy %y 0A3

where \3 = )\30 + vg (t — fo), = )\40 + 1y (t — fo), and A\ = )\50 + s (f — t()).

The values 6, K, ¥;, and the constant coefficients ); must be taken from
formulae of the intermediate motion (Orlov and Solovaya, 1974).

For determining the secular perturbations of the third order Avs, Avy, and
Awvs, it is necessary to solve equations (22) taking as the perturbing function
the secular term of the function Fs, which is expressed by formula (18). This
function may be differentiated easily with respect to A3 and Ay.

As an example, the system & Ursa Majoris, whose components move along
short-period orbits was chosen. It’s elements for epoch Ty = 1900.0 (Heintz,
1967) are the folowing:

mo = 083, mi = 0307 mo = 0.92.

inner orbit: outer orbit:
a1 = 1.56 AU as = 19.46 AU
e; = 0.56 e = 0.414

T, = 1935.410 T, = 1935.170
wy = 146.00° wo = 127.5°
Q1 = 326.00° Qo= 101.5°
I, = 86.3° 1o = 122.65°.

Note that using the only intermediate orbit we received the following results:
the periastron of the close pair librate around 270° with amplitude 262.96° <
g1 < 277.04°. The period of the doubled frequency of the libration is 2568.5
years. The mean motion of periastron of the outer orbit v4 = —14.97°century !,
the motion of node vs = 14.56°century~!. The secular perturbations of the
third order, using the formulae (22) are: Avs = —0.55°century~!, Ayy =
0.45°century ~!, Avs = —0.53°century—!. In the triple stellar systems, where
masses are of the order of the solar mass, these additional values to the secular
perturbations are small. But over a large time interval they must be taken into

consideration.
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4. The long-period perturbations of the third order in the
eccentricity of the outer orbit

The perturbing function F3(g1,92) depends on two angular variables g; and
g2 — the arguments of periastrons of the inner orbit (close pair) and the outer
orbit (distant component). In the intermediate motion the eccentricity of the
outer orbit ey is constant. But in the perturbed motion e; has the long-period
perturbations. The previous formulae make it possible to receive the analytical
expression for the long-period variations in the eccentricity es.
Take the differential equations from the formula (21):
s _ OR (23)
dt 0Ny

The value A4 may be easy expressed through the Keplerian elements:
A4:L2\/1—€§. (24)

dA4 €9 d62

Then

i S P T 25
dt P /T_e dt (25)

The differential equation for e; has the form:
@77\/1—63@77 Ay OR (26)

dt L2 €9 8)\4 - A% €9 87)\4 ’

where R is the perturbing function (20).
Then for the first approximation we have the expression:

3 AT ) ,
Arer = —7oe” —e s Ve (-1 975 + 51072 —
Lez 153672A§Ag{82( +¢%) [-275+ 5107
4 oy Aa
1
vy +T
T (1125 — 16501 + 645 %) ¢7] S 21Va £ 71)
4V4
2t (—2v3 +v4) + V2]
3375 (1 4+ 1) ea (1 — ¢) (1 + q)* 1
" ( +77) 2l-ql+g 8(2v3 —14) *
2t (2 7
+3375 (—1+772)2€2 (_1_|_q)3 (1+q) cos 2t (2v3 + vg) + T3] n

8(2v3 4+ 14)

+45 (=1 + 1) e2 | (=5 +370*) (1 +¢)° (1 - 15¢ +15¢%) +
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Ayl cos 2t (vs —vg) + T4

+4n(—8—-3g+16¢>+9¢> +
n( q q q)A1 2 (s — o)
90e1y2va  Aj
+— "5 x
u o A3
cos|t(—=3v3 +1y) + U
x (35 (1—n%) (~1+¢q) (1 +q)° (Bt va) ¥75]

2(Bvs — 1)

COS [t (—1/3 + V4) + 96]
2 (1/3 — 1/4)

+(=7+37%) (-1 -11g+5¢* + 15¢°) +

cos [t (Bvg + vg) + Uy
2 (3 Vs —|— 1/4)

+35 (1= 7%) (-1 +¢)* (1 +q)

(T 437) (1 - 11g— 54+ 15%) <L ¥ 1) J”/Sq +

2 (Ug —|— V4)
+45 (-1 41°) €3 [(5 —37?) (~1+¢)° (1+15¢+15¢%) +

A
+4n (-8 +3¢+16¢*> —94°) Aﬂ

COS [215 (V3 + V4) +vg]
2 (1/3 + I/4) } ’ (27)

where 7, is the combination of 73 and 7y4.
As illustration we present the long-period perturbations in the eccentricity
of the outer orbits in the triple stellar system of £ UMa (see Figs. 1-3).

A€2
+0.004 |

+0.002 1

—0.002 r

—0.004 |

0 5 10 15 20 25
t103 [year]
Figure 1. Long-period perturbations of the eccentricity of the outer orbit of £ UMa
within a period of 25000 years. As the perturbing function F3(As, A4) was used.
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A62
40.004 ¢

+0.002 ¢

—0.002 |

—0.004 |

0 5 10 15 20 25
t10* [year]

Figure 2. Long-period perturbations of the eccentricity of the outer orbit of £ UMa
within a period of 250 000 years. As the perturbing function F3(\s, A\4) was used.

—20

Figure 3. Long-period perturbations of the eccentricity of the outer orbit of £ UMa
with small secular perturbations in the motion of the periastrons of the inner and
outer orbits.
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5. Conclusions

We have derived the solution of equations of the perturbed motion of the nonre-
stricted three-bodies problem, using the method of variation of constants. The
perturbing function take into account the terms of the third and the fourth
orders in the Hamiltonian from which the short-period terms are excluded. The
secular parts of the angular variables were taken as the new variables. The
equations of the perturbed motion were integrated using the iteration method.

As an example, the real stellar system £ UMa, whose components move
along orbits with periods of 2 years (the close pair) and 60 years (the distant
component), was presented. We see that in the triple stellar systems, where
masses are of the order of the solar mass, the additional values to the secular
perturbations and the long-period perturbations of the third order are small.
However, for the precise reduction of observational data they must be taken into
consideration.

Acknowledgements. This work was supported by the Slovak Academy of Sciences
Grant No. 2/1005/21. The computations were done on ORIGIN 2000 computer of the
Computer center of the Slovak Academy of Sciences.

References

Heints, W.: 1967, Astron. Nachr. 289, 269

Orlov, A.A., N.A. Solovaya: 1974, Trudy Moskovskogo Gosudarstvennogo Univer-
siteta XLY, 119

Orlov, A.A., N.A. Solovaya: 1988, in The Few Body Problem, ed.: M.J. Valtonen,
Kluwer Academic Publishers, Dordrecht, The Netherlands, 243

Pittich, E.M., N.A. Solovaya: 1998, in Fourth International Workshop on Positional
Astronomy and Celestial Mechanics, ed.: A. Lépez Garcia et al., Astron. Observ.
Univ. of Valencia, Valencia, 109

Solovaya, N.A., E.M. Pittich: 1996, Contrib. Astron. Obs. Skalnaté Pleso 26, 87



