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Július Koza, Tatranská Lomnica, The Slovak Republic
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EDITORIAL

In 2023, the journal Contributions of the Astronomical Observatory Skalnaté
Pleso (CAOSP) published 9 regular articles on 126 pages within two issues, and
35 articles on 382 pages in the form of two ’Special issues’. According to the
Journal Citation Reports database, the articles published in 2022 received 206
citations corresponding to the journal impact factor (JIF) of 0.5 and the JIF
Quartile Q4.

Volume 53/1 publishes five regular articles on various topics. Individual
contributions presented results on the accretion disk in the microquasar GRS
1915+105 that contains a black hole, on the radio recombination lines in the
medium toward the S140 nebula, on the optimal conditions of the spacecraft
acceleration in the gravitational field of a planet, and on a highly accurate ana-
lytical solutions of Keplers equation. One article was devoted to the appropriate
site selection for the astronomical observatory.

Volume 53/2 published four regular articles. In the first contribution, the
authors tested various methods for the identification of new small bodies, espe-
cially asteroids, in the Solar System. In the following article, the author presents
a useful derivation of gravitational acceleration in a system other than the com-
monly used Schwarzschild coordinates. The third paper deals with the issue of
aluminum abundance in A-type main sequence stars as well as in chemically
peculiar Am stars. In the last article, the authors calculate the conditions under
which asteroids can reach the geocentric orbit, and how long they can stay on
it or collide with the Earth.

Volumes 53/3 and 53/4 introduce selected contributions based on lectures
presented at the ”V Meeting on Astrophysical Spectroscopy - A&M DATA:
Astronomy & Earth Observations” (Palić, Serbia, September 12-15, 2023) and
at the ”18th INTEGRAL/BART Workshop” (Karlovy Vary, Czech Republic,
May 22-26, 2023), respectively.

During 2023, the editorial board in cooperation with the advisory board
specified the basic ethical rules of scientific publishing in CAOSP. The document
can be found on the journal’s website.

Tatranská Lomnica, January, 2024

August́ın Skopal, Editor-in-Chief

RichardKomž́ık, Managing Editor
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A computer program calculating the closest

approaches of asteroid to the mean orbits of

meteoroid streams
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Abstract. Meteoroid particles can collide with asteroids. If a meteoroid is
large, it can trigger asteroid activity; an outburst of brightness occurs. When
the meteoroids in a stream cross a region of interplanetary space, the flux
of these meteoroids is considerably larger than that of sporadic meteoroids
in the same region. Therefore, the probability of a collision is significantly
larger there. To map the passages of a given main-belt asteroid through the
known meteoroid streams, we created a computer program which calculates
the characteristics of the close approaches of the asteroid to the mean orbits of
known meteoroid streams. The public-domain program is available along with
this article and on: https://github.com/neslusan/BELTCROSS2. It contains
the executable static-binary code as well as the Fortran source code. In the
article, we give a more detailed description of the program.

Key words: computer program – dynamics of meteoroid stream – main-belt
asteroids – collisions between asteroids and stream meteoroids

1. Introduction

Asteroids and comets belong to the small bodies of the Solar System. In the
past, it was thought that these categories were clearly distinguishable. Then
objects with dynamically asteroidal orbits, but comet-like activity started to be
discovered. The first such object, comet 107P/Wilson-Harrington, alternatively
known as asteroid 4015 Wilson-Harrington, was discovered in 1949 (Cunning-
ham, 1950).

This class of objects is also known as active asteroids. At the time of writing
this paper, there were known about forty active main-belt asteroids. The active
asteroid can be defined by (1) a semi-major axis smaller than the semi-major
axis of Jupiter, (2) a Tisserand’s parameter with respect to Jupiter TJ > 3.08
and (3) the presence of cometary features such as a coma and/or tail(s). The
limit TJ = 3.08 (rather than the usual 3.0 for distinguishing asteroids and
comets) was chosen due to the slightly eccentric orbit of Jupiter which differs
from a circular orbit, which figures in the restricted 3-body problem. Thus,
Encke-type comets (comet 2P/Encke has TJ = 3.02) and quasi-Hilda comets
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(TJ ∼ 2.9−3.04) are excluded from the group of objects with TJ > 3 (Jewitt
et al., 2015).

The activity of comets is caused by the sublimation of ice and accompanying
dust removal (Whipple, 1951). In the case of active asteroids, several possible
mechanisms of activity accompanied by a mass loss are discussed. For example,
Hsieh et al. (2010) considered the process of ice sublimation and dust ejection
as a source of activity of 133P/Elst-Pizarro (asteroidal designation 7968 Elst-
Pizarro). The mechanism of rotational instability was suggested for asteroids
P/2012 F5 (Gibbs) (Drahus et al., 2015) and 6478 Gault (e.g. Kleyna et al.,
2019; Devogèle et al., 2021).

A meteoroid impact can also trigger an observable activity. At the first time,
this mechanism was found to be the most probable mechanism to explain the
activity of asteroid P/2010 A2 (Kim et al., 2017a,b). It was discovered, being
already active, on January 6, 2010 by the Lincoln Near Earth Asteroid Research
(LINEAR). In the case of trigerring of activity by an impact, it is more likely that
this is caused by a stream meteoroid which moves around the Sun in a corridor
with a relatively much higher density of meteoroids than the density of sporadic
meteoroids. (The term “corridor” refers to an interplanetary space around the
mean orbit of a stream. The orbits of all stream meteoroids are situated within
this space.) For example, this hypothesis was applied to asteroid 596 Scheila by
Neslušan et al. (2016) as an attempt to explain its activity. Instead of a fast
rotation, such collisions are the most likely cause of the activity of 6478 Gault
according to Ivanova et al. (2020).

Other mechanisms which can cause observable activity include the electro-
static forces, radiation pressure sweeping, and thermal fracture or dehydration
(e.g. Jewitt, 2012; Jewitt et al., 2015). However, the activity of a real object may
be triggered by different mechanisms operating together (Jewitt et al., 2015).

In this work, we present a tool which can help to gain some data that a
researcher needs when he wants to estimate a probability that activity of an as-
teroid was triggered by a meteoroid impact. The probability of such the impact
is high when the asteroid crosses a compact, numerous stream, since the number
density of meteoroids in such the stream is larger than that in the neighboring
interplanetary space. To reveal if this mechanism of the triggering of activity
is relevant in the case of a specific outburst of asteroidal activity, one needs to
know, in the first step, whether the asteroid passed through a corridor of numer-
ous meteoroid stream a short time before its activity occurred. Unfortunately,
the compactness and numerosity of the streams in the interplanetary space (the
main belt in our context) is unknown for a majority of the showers. We never-
theless predict the passages of a given asteroid through every known streams.
An evaluation whether the stream can contain enough meteorids to collide with
the asteroid should be additionally done by the researcher.

To help answering this question, we created a computer program that cal-
culates the minimum orbit intersection distance (MOID) between the nominal
orbit of a given object and the mean orbit of each known meteoroid stream. For
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the close approaches of the orbits (a low MOID), the program gives their dates
in a selected year. The description of the input data and program itself is given
in the next section.

2. Description of program

2.1. Description of the code

The code consists of five executable files: “moid.exes”, “relvel.exes”, “basic-
date.exes”, “datelist.exes”, and “arrange.exes”. These files were compiled as the
static binary files, therefore no compiler is needed to run them. They can be run,
in the above-mentioned order, on any computer with a 64-bit processor. The
corresponding source codes are also available on-line at https://www.astro.sk/

caosp/Eedition/FullTexts/vol54no1/pp7-19.dat/. The basic norm was the For-
tran 77.

In the UNIX/Linux operation system, the files can be run by using the single
script named “calcdate.sh’. The speed of the calculation depends on the prop-
erties (mainly operation frequency) of the processor and selection of a specific
asteroid (the number of the close approaches to the mean orbits of streams is
different for various objects). However, the calculation does not typically exceed
15 seconds. The time of running of the first program, “moid.exes”, is the longest
one; the other programs need only a fraction of a second to be completed.

Before the running the code, the input must be prepared. The input and
output data are described in the next two sub-sections.

2.2. Input data

2.2.1. Input data characterizing the investigated object

The characteristics of the object under interest should be edited by the user
of the program into the input file named “object.dat”. The object may not
necessarily be a main-belt asteroid. However, its orbit must be elliptic and its
eccentricity should be low (say e < 0.5). Otherwise the calculation of the MOID
is not very precise for the approaches at a large value of true anomaly.

The following parameters should be inserted into the file “object.dat”: the
name of the object (15 characters in maximum), semi-major axis (in [au]), ec-
centricity [1], argument of perihelion [deg], longitude of ascending node [deg],
inclination [deg], date (year-month-day) of the epoch the nominal orbit is re-
ferred to, mean anomaly of the object at the moment of epoch [deg], year of
investigation of close approaches, and critical MOID [au], i.e. the upper value
of MOID the user is interested in.
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2.2.2. The known meteoroid streams

Currently, more than eight hundreds of meteoroid streams, which correspond to
the meteor showers observed in the Earth’s atmosphere, are known1 (Jopek &
Kaňuchová, 2014). We suppose that the known streams represent a majority of
the streams crossing the region of the main asteroid belt. The provided program
calculates the MOID of the orbits of an asteroid under the interest just with
the mean orbits of these streams.

Because of the orbital similarity, the meteoroids of a given stream can ap-
proach a specific asteroid within a short arc of its orbit. The asteroid periodically
passes this arc during a short time interval, with the period equal to its orbital
period. The arc is situated around the point of the asteroid’s orbit which is the
nearest point to the mean orbit of the stream meteoroids. This is the reason
why we think that the calculation of the MOID between the known, osculating
orbit of the asteroid and the mean orbit of stream is useful. The points relevant
to the MOID are specified by their true anomalies relevant to both orbits. The
true anomaly of the asteroid can then be used to find the time when the asteroid
passes the point of minimum approach to the mean orbit of a given stream.

In more detail, the mean orbits of the meteoroid streams in the List of All
Showers of the Meteor Data Center (MDC) of the International Astronomical
Union (IAU) are used as the default input related to the meteoroid streams; see
the first footnote. In the list, the mean characteristics of some showers are given
by two or more author teams. We call the set of parameters given by one author
as a “solution” of the shower/stream. In total, the used list of meteoroid show-
ers/streams contained 1305 solutions with a complete set of mean parameters.
In calculations, all these solutions are taken into account. However, when we
sum all the passages of an asteroid through a stream (Sect. 3) and this passage
is predicted for more than a single solution, then the passage is regarded, of
course, as a single event.

The input data-file with the meteoroid-stream orbits is named “allshow-
ers.d”. The data about one solution are in one line. The file contains, in the
individual columns, the serial number of a solution, the official IAU number
of a meteor shower, the identification number of solution (the solution can be
identified with these two last numbers), mean parameters which are the so-
lar longitude [deg], right ascension and declination of geocentric radiant [deg],
geocentric velocity [km s−1], semi-major axis [au], perihelion distance [au], ec-
centricity, argument of perihelion [deg], longitude of ascending node [deg], and
inclination [deg]. In the last column, the number of meteors in the given solution
is presented. This parameter can be useful in an estimate of the actual numeros-
ity of the stream. If the number of meteors is large, i.e. the number density of

1The list of the known meteor showers can be found on the web pages
of the Meteor Data Center of the International Astronomical Union:
https://www.ta3.sk/IAUC22DB/MDC2022/Roje/roje lista.php?corobic roje=4&sort roje=0
(as a default input file, we provide the list downloaded on August 19, 2022).
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meteoroids is large in the part of the stream corridor crossing the Earth’s orbit,
then the overall number density of the stream can also be large. We note that a
large number density of the stream can be expected when the number of meteors
of the corresponding, Earth-observable meteor shower exceeds ∼ 50, ∼ 500, or
∼ 2000 in the case of photographic, video, or radar observations of the shower,
respectively.

On the other-hand, a low number of meteors do not necessarily indicate a
low number density of the stream, because there can still be a larger number
density in a part of the corridor situated farther from the Earth’s orbit. In this
case, information about the number density of meteoroids is not available, in
fact. The default file “allshowers.d” can be completed, by the user, with the new
solutions, which occur meanwhile.

2.3. Resultant data

2.3.1. Metadata

Each of the first four executable files produces an output file, which is the input
into the next file. File “moid.exes” produces the data file named “moid.dw’. It
contains the characteristics of the approaches within the critical MOID (selected
by the user in the input file “object.dat”). If there is the sub-critical MOID
for one, post-perihelion or pre-perihelion, arc of stream’s orbit, then also the
characteristics of the approach, regardless it is sub-critical or super-critical, for
the other arc are given.

The characteristics of a given approach are written to five lines. The first
line contains: the name of the object (a 15-character string in maximum), true
anomalies of the object at the moment of its approach to the post-perihelion
and pre-perihelion arcs of the stream orbit [deg], and the MOID for the post-
perihelion and pre-perihelion arcs of the stream orbit [au].

The second line contains: the IAU number of the stream the object ap-
proached, the solution number of this stream, the number of meteors detected
in the corresponding solution of a meteor shower, and true anomalies of the
points in the post-perihelion and pre-perihelion arcs of the stream’s mean orbit
which are nearest to the object’s orbit [deg]. The third line contains the mean
orbital elements of the stream the object approached. These elements are given
in order: perihelion distance [au], eccentricity [1], argument of perihelion [deg],
longitude of ascending node [deg], and inclination to the ecliptic [deg].

The fourth (fifth) line contains the rectangular heliocentric ecliptical coor-
dinates [au] of the asteroid and the stream meteoroid moving in the mean orbit
of the stream at the moment of their closest approach on the post-perihelion
(pre-periheion) arc of the meteoroid orbit.

Program “relvel.exes” produces its output data file named “relativeV.dw”
with additional characteristics of the closest approaches. The characteristics
of the given closest approach of the object to either post-perihelion or pre-
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perihelion arc of the stream’s mean orbit are given in four lines. The first line
contains the name of the object (a 15-character string), true anomaly of the
object at the moment of the closest approach [deg], MOID [au], the relative
velocity between the object and the meteoroid moving in the mean orbit of the
stream at the moment of the closest approach [km s−1], and the angle between
the heliocentric velocity vectors of the object and the meteoroid in the mean
orbit at the moment of the closest approach [deg].

The characteristics in the second line are: the IAU number and solution
number of the stream the object approached, the number of detected meteors
in the corresponding solution of a meteor shower, and an indicator of the arc
of the stream orbit to which the object approached (value 1 indicates the post-
perihelion and value −1 the pre-perihelion arc).

In the third line of given characteristics, there are the rectangular heliocentric
ecliptical coordinates [au] of the asteroid and the stream meteoroid moving in
the mean orbit of the stream, both at the moment of the closest approach of
both objects on the arc of meteoroid orbit specified in the 2nd line. The fourth
line contains the rectangular components of the heliocentric ecliptical velocity
vector [au day−1] of the asteroid and components of an analogous vector of the
stream meteoroid moving in the mean orbit of the stream, again at the moment
of the closest approach of both objects on the arc of the meteoroid orbit specified
in the 2nd line.

Program “basicdate.exes” produces the output data file “basicdate.dw”. It
contains further characteristics of the closest approach of the object to the post-
perihelion and/or pre-perihelion arc of the mean orbit of a stream. The first of
the two lines characterizing one approach contains: the name of the object (a 15
character string), the IAU number and solution number of the stream the object
approached to, the number of detected meteors in the corresponding solution
of a meteor shower, the true anomaly [deg] of the object at the moment of the
closest approach, time of the closest approach [Julian date], orbital period of
the object [day], indicator of the arc the object approached to (value 1 indicates
the post-perihelion and value −1 the pre-perihelion arc), MOID [au], the mean
orbital elements of the stream in order perihelion distance [au], eccentricity
[1], argument of perihelion [deg], longitude of ascending node [deg], inclination
[deg], relative velocity [km s−1] between the object and meteoroid moving in
the stream’s mean orbit at the moment of the closest approach, and angle [deg]
between the velocity vectors of the object and meteoroid in the mean orbit at
the moment of the closest approach.

The second line of the approach characteristics in “basicdate.dw” contains
the rectangular heliocentric ecliptical coordinates [au] of the asteroid at the mo-
ment of their closest approach, Ta, on the arc of the meteoroid orbit specified
in the first line (columns 1−3), the rectangular components of the heliocentric
ecliptical velocity vector [km s−1] of the asteroid (columns 4−6) and the com-
ponents of an analogous vector [km s−1] of the stream meteoroid moving in the
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mean orbit of the stream at the moment Ta on the arc of the meteoroid orbit
specified in the first line (columns 7−9).

Program “datelist.exes” finds out all close passages of the object through
the meteoroid streams in the given year. This year is specified by the user in the
input file “object.dat”. The output is written into two files “unarranged????.d”
and “unarr vect????.d”. Question marks in these names stand for the year of the
investigation. The characteristics of each close approach (within the specified
MOID) of the object to the mean orbit of the stream are provided in one line in
each of both files. The individual columns in the output file “unarranged????.d”
(“unarr vect????.d”) are the same as in the final output “datelist????.dat” (“vec-
tors????.dat”) − see the next sub-section.

2.3.2. List of predictions

As mentioned at the end of the previous sub-section, the final result is produced
by the code “datelist.exes” and recorded to the output data files named “unar-
ranged????.d” and “unarr vect????.d”. The last code named “arrange.exes” ar-
ranges the found close approaches in order of their increasing date. The final
output data are stored in files “datelist????.dat” and “vectors????.dat”. The
characteristics of each approach are listed in one line in each file.

The columns of file “datelist????.dat” contain: the IAU number (IAUNo.)
and solution number (Sol.) of the solution of a meteor shower, which corresponds
to the stream the object approached to. Further, there is given the number of
detected meteors of the shower (n). If n = −1, then the number of meteors is
unknown. Then, the characteristics go on with the MOID [au] of the closest
approach, heliocentric distance [au] of the meteoroid in the position of the clos-
est approach (r rel), relative velocity [km s−1] (v rel) between the object and
meteoroid moving in the stream’s mean orbit at the moment of the approach,
angle [deg] between the velocity vectors of the object and meteoroid, and the
date [year month day] of the closest approach.

File “vectors????.dat” contains the rectangular heliocentric ecliptical coor-
dinates [au] of the asteroid at the moment of their closest approach, Ta, on the
arc of the meteoroid orbit specified in the first line (in columns 1−3), the rect-
angular components of the heliocentric ecliptical velocity vector [km s−1] of the
asteroid (columns 4−6), and the components of an analogous vector [km s−1] of
the stream meteoroid moving in the mean orbit of the stream on the arc of the
meteoroid orbit specified in the first line (columns 7−9). Both vectors are given
in time Ta.

The heliocentric velocity vector of the possible impactor can be expected not
be the same as the heliocentric velocity vector of the meteoroid moving in the
mean orbit, of course. Nevertheless, both impactor and hypothetical meteoroid
in the mean orbit will obviously move in a similar orbit, therefore a rough match
of both vectors can be expected. Thus, an eventual approximate agreement of
the velocity vector of an impactor found in a simulation of the impact and that
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of the meteoroid in the mean orbit is an indication supporting the hypothesis
of an impactor from the specific stream.

3. Remark about the total approaches

Beside creating the program, we intended to clarify a wider context of the us-
age of the program. In this course, we estimated the total number of passages
of all main-belt asteroids through all known meteoroid streams per year. To
find this number, we considered the known asteroids with characteristics pub-
lished on-line by the Minor Planet Center (MPC) of the IAU2. From the list
of all asteroids, we selected those with a relatively reliable orbit, which had
been determined on the basis of observations in, at least, three oppositions. We
delimited the main belt by the perihelion distance larger than the aphelion dis-
tance of the orbit of Mars, q > 1.666 au, and by the aphelion distance smaller
than the perihelion distance of Jupiter, Q < 4.951 au. The list of such asteroids
contained 1,020,990 objects.

It appears that there is a huge number of close approaches of asteroids to
the known meteoroid streams. For example, we performed the calculations for
the approaches with a MOID lower than 0.05 au. The widths of stream corridors
are unknown, therefore it is impossible to determine an average critical MOID.
It seems that the width may exceed 0.15 au (the MOID of comet 1P/Halley, the
parent body of the Orionids, from the Earth’s orbit was found to be 0.155 au
(Neslušan et al., 1998), therefore the width of the Orionid stream has to be
larger than this MOID). However, some minor, diffuse showers can move in a
narrower corridor. The value of 0.05 au may be regarded as a good compromise
for a characteristic width of the stream.

For the critical MOID equal to 0.05 au, we found 23,202,210.5 passages of
asteroids through the meteoroid streams a year. In more detail, this result is
the average of passages in ten years, from 2023 to 2032. During this decade, the
number varies from 22,981,394 to 23,348,851 and only 624 to 829 of 1,020,990
objects considered were found not to pass through any stream. In a year, the
asteroid, that was found to cross the streams most frequently, passed the streams
109 times (asteroid 554211). The distribution of the number of passages in each
of five years (2023−2027) is shown in Fig. 1. From this figure one can read that
the largest number of meteors approached the mean orbit 11 to 12 times (in
years 2023 and 2024, it was 11 times and in the other three years 12 times).
We further found that the average number of approaches varied from 22.5 to
22.9. The median number was the same in these years; specifically, a half of all
considered asteroids approached to the mean orbit of a stream more than 18
times per year.

It would be interesting to know an average probability that an inactive main-
belt asteroid becomes active due to a meteoroid impact. Unfortunately, we do

2https://www.minorplanetcenter.net/iau/mpc.html (downloaded on August 3, 2022)
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Figure 1. The distribution of the number of passages of asteroids through the
known meteoroid stream within the distance of 0.05 au in a given year.

not have the sufficient input data to estimate such a probability. The width of
the orbital corridor of meteoroid streams and the number density of meteoroids
in the streams and sporadic background is unknown. The size-distributions of
meteoroids is known only for several streams and only in the region around the
Earth’s orbit.

4. Some examples of possible triggering

There are several known asteroids, which were discovered to be inactive, but
later a significant increase in brightness was observed. One may ask whether
their outburst might have been triggered by an impact of a stream meteoroid.
To answer this question, it is necessary to know, except of other, whether the
asteroid passed through a stream or streams a certain period before the activity
occurred. In this section, we provide such information about the passages of
three asteroids, 493 Griseldis, 6478 Gault, and 62412 (2000 SY178), for the
period starting two months before their outburst, or before their first outburst,
and ending in time of their outburst, or the last observed outburst.
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Table 1. The dates of the closest approaches of asteroids 493 Griseldis, 6478
Gault, and 62412 (2000 SY178) to the meteoroid streams in the period starting
two months before their first observed outburst and ending in time of their last
observed outburst. The listed parameters are: IAU - the official IAU number of
shower, S. - the number of solution of the shower (some showers were reported
by more than a single author team), n - number of meteors, arc - arc to which
the asteroid approached, MOID - the minimum orbit intersection distance [au],
robj - heliocentric distance of the asteroid [au], vrel - its relative velocity in
respect to a meteoroid moving in the mean orbit of the stream [km s−1], and
the angle between the velocity vectors of the asteroid and the meteoroid [deg],
all at the moment of the closest approach of the asteroid to the mean orbit of
the stream. The date of the closest approach is given in the last column.

IAU S. n arc MOID robj vrel angle date

493 Griseldis
#0351 0 519 post-perih. 0.0111 2.36 28.30 107.28 2015 1 23.31
#0370 0 739 pre-perih. 0.0122 2.34 20.38 99.67 2015 1 29.31
#0354 0 823 post-perih. 0.0399 2.34 24.78 101.99 2015 1 29.31
#1115 0 7 post-perih. 0.0562 2.34 25.42 104.59 2015 1 31.31
#0165 2 89 pre-perih. 0.0857 2.33 21.94 100.14 2015 2 2.31
#1171 0 801 post-perih. 0.0272 2.29 28.56 113.85 2015 2 19.31
#0727 0 10 pre-perih. 0.0068 2.28 15.35 86.26 2015 2 22.31
#0513 0 77 pre-perih. 0.0598 2.27 16.05 84.84 2015 2 27.31
#0324 1 4 post-perih. 0.0614 2.26 25.23 97.45 2015 3 4.31
#1073 0 66 pre-perih. 0.0353 2.23 24.04 82.14 2015 3 14.31
#0428 1 22 pre-perih. 0.0614 2.22 16.17 85.83 2015 3 16.31
#0564 0 33 post-perih. 0.0446 2.22 28.96 97.41 2015 3 17.31
#0324 0 203 post-perih. 0.0416 2.22 25.98 97.76 2015 3 19.31

6478 Gault
#0219 1 17 pre-perih. 0.0547 2.13 15.39 45.88 2013 7 21.58
#0263 0 2 pre-perih. 0.0789 2.14 18.65 80.98 2013 7 22.58
#0219 0 5 pre-perih. 0.0983 2.14 22.98 60.64 2013 7 22.58
#0018 0 18 pre-perih. 0.0954 2.15 29.50 103.92 2013 7 27.58
#0094 1 2 post-perih. 0.0776 2.16 27.26 105.56 2013 8 2.58
#0714 0 7 pre-perih. 0.0431 2.16 13.52 33.88 2013 8 3.58
#0202 1 949 post-perih. 0.0506 2.18 35.10 104.14 2013 8 12.58
#0173 2 pre-perih. 0.0701 2.19 21.88 93.00 2013 8 16.58
#0289 0 pre-perih. 0.0436 2.21 21.67 91.57 2013 8 26.58
#0025 1 53 pre-perih. 0.0295 2.22 17.82 60.63 2013 8 31.58
#0173 3 288 pre-perih. 0.0559 2.23 21.27 93.30 2013 9 2.58
#0038 0 3 post-perih. 0.0636 2.24 40.35 148.90 2013 9 9.58
#0096 6 74 post-perih. 0.0653 2.25 24.95 102.53 2013 9 11.58
#1054 0 26 pre-perih. 0.0644 2.25 33.63 85.76 2013 9 12.58
#0017 2 22 pre-perih. 0.0516 2.26 17.10 62.07 2013 9 17.58
#0017 1 25 pre-perih. 0.0503 2.27 16.03 58.35 2013 9 19.58
#0631 0 57 pre-perih. 0.0630 2.27 16.04 60.33 2013 9 20.58
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Table 1. Continued.

IAU S. n arc MOID robj vrel angle date

#0096 2 7 post-perih. 0.0069 2.27 26.87 108.07 2013 9 21.58
#0449 0 7 post-perih. 0.0089 2.27 10.30 33.23 2013 9 21.58

62412 SY178
#1091 0 159 pre-perih. 0.0299 3.03 12.17 48.16 2014 2 1.18
#0232 0 2 pre-perih. 0.0077 3.04 8.05 47.25 2014 2 7.18
#0803 0 77 post-perih. 0.0608 3.05 14.66 87.40 2014 2 25.18
#0645 0 10 pre-perih. 0.0944 3.05 33.69 133.51 2014 2 28.18
#0199 0 6 post-perih. 0.0822 3.06 17.79 83.97 2014 3 18.18
#0069 0 pre-perih. 0.0808 3.07 15.16 90.79 2014 3 27.18
#0069 1 70 pre-perih. 0.0588 3.07 14.94 90.51 2014 4 2.18
#1132 0 1721 pre-perih. 0.0152 3.09 15.46 91.58 2014 4 22.18
#1042 0 16 post-perih. 0.0881 3.09 15.64 88.73 2014 4 27.18

The outburst of 493 Griseldis occurred on March 17−21, 2015 (Tholen et al.,
2015). According to Chandler et al. (2019), 6478 Gault started its comet-like
activity in 2013 and this activity persists until the present (the first outburst
was detected on September 22, 2013). The mechanism of this long-term activity
is probably something other than a meteoroid impact. The outburst of 62412
(2000 SY178) was detected, for the first time, on March 28, 2014 and lasted
until May 2, 2014 (Sheppard & Trujillo, 2015).

The dates of the passages of these objects through some streams, before their
first outburst, are listed in Table 1. The structure of this table is the same as the
output from the computer program written into file “datelist????.dat”. Specifi-
cally, we provide the dates for the closest approaches of a given asteroid within
the MOID equal to 0.1 au. During the two-month period before the outburst,
each of them passed through a few streams.

493 Griseldis crossed the corridors of the December σ-Virginids, #428 and
61-Ursae Majorids, #564 immediately before the outburst. As well it also crossed
the ǫ-Perseids, #324 when its activity increased. Of these, the 61-Ursae Majorids
and ǫ-Perseids are the established showers according to the MDC List of Es-
tablished Showers. On February 19, 2015, the asteroid passed through quite a
numerous shower − the January γ-Camelopardalids, #1171. In year 2015, this
asteroid passed through 66 streams. It is significantly more than the average or
median number of passages.

Immediately before the first outburst, 6478 Gault crossed the orbital corri-
dors of the δ-Arietids, #631, the established shower Northern δ-Cancrids, #96,
and April β-Sextantids, #449. The last shower was meanwhile removed from the
Working List, therefore its existence is questionable. One to three days before
the outburst, it also crossed the corridor of established Northern Taurids, #17,
which are numerous, though the number of meteors of their solutions in Table 1
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is not very large. The number of passages of the asteroid through the streams
in 2013 was 70, which is also a much larger number than the average or median.

Asteroid 62412 (2000 SY178) crossed the established stream Southern µ-
Sagittariids, #69, immediately before its first outburst. In this case, we can
see an uncertainty of our calculation due to uncertain data on meteor streams.
The closest approach on March 27, 2014 is predicted for the solution No. 0 of
the shower. For solution No. 1, the closest approach is calculated to occur on
April 2, 2014, i.e. 6 days later. During the 62412’s activity, the object passed
a relatively numerous stream of 3-Sagittariids, #1132, on April 22, 2014. How-
ever, the calculations resulted in only 21 passages of this asteroid through the
meteoroid stream in 2014, which is comparable to the average.

We could see that several passages of the asteroids through the meteoroid
streams occurred in all these randomly selected examples. In two cases, this
number significantly exceeded the average (see the distribution of passages in
Fig. 1). Nevertheless, further information would be needed if one wanted to
evaluate the probability that the activity was triggered by a meteoroid impact.

5. Conclusion

We created a computer program to calculate the MOID between the orbit of a
Solar-System small body and the known set of mean orbits of known meteoroid
streams. When the MOID is low enough, then we can assume that the object
passed or will pass through the orbital corridor of the stream. Such a passage
or passages are the necessary condition to suspect that the activity could be
triggered by an impact of a meteoroid, which is a member of the stream. The
program, static-binary executable files as well as the source code, are public-
domain and, therefore, available along with this article. It is also accessible on
the GitHub service: https://github.com/neslusan/BELTCROSS2

The program can be especially useful to check if an asteroid, which was ob-
served to become active, passed through a meteoroid stream, and through which
stream, a short time before the beginning of the activity. The basic character-
istics of the closest encounter of the asteroid with the stream are provided by
the program.
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Abstract. We report the TESS observations of the SU UMa-type dwarf nova
V503 Cyg in 2019 and 2021 during a superoutburst, normal outbursts and
quiescence. We identified stage A of the growing superhumps and stage B
in positive superhump evolution. We found that the stage A lasted ∼ 0.8 d;
during stage B a mean period of 0.081367(93) d decreased with the derivative
Pdot/P = −4.8∗10−5. We estimated the mass ratio q = 0.195 using a fractional
period excess for stage B. The quiescent state was represented by a strong signal
at negative superhumps and a weak one at the orbital period. We detected a
gradual increase of the 0.076-d period of negative superhumps in quiescence
preceding normal outbursts in 2019 and 2021, and an abrupt decrease of the
period during normal outbursts. This means that the radius of the accretion
disk increases sharply during the outburst and gradually decreases towards the
onset of the next outburst. Such behavior is consistent with the thermal-tidal
instability model.

We found that the light curve folded on the orbital period shows a profile
that changes from double-peak to single-peak, respectively, in the tilted and
non-tilted state of the accretion disk. We speculate that this difference may be
caused by a state of the accretion disk: in the tilted disk state, one spot is the
hot spot on the edge of the disk, while another one may be a spot caused by
the matter hitting the inner disk. During the non-tilted disk state, there is one
spot on its edge.

Key words: accretion, accretion disks – cataclysmic variables – stars: dwarf
novae – stars: individual: V503 Cyg

1. Introduction

SU UMa type dwarf novae are a subtype of cataclysmic variables with orbital pe-
riods ranging from ∼ 76 minutes to 3 hours and a mass ratio of ≤ 0.25 (Warner,
1995; Whitehurst, 1988; Lubow, 1991). They exhibit two types of outbursts:
”normal” outbursts, lasting 2-3 days, caused by the thermal instability of the
accretion disk and ”superoutbursts”, lasting 10-20 days, caused by the thermal-
tidal instability model (Osaki, 1989, 1996). Normal outbursts are more frequent
events and are localized between superoutbursts. The disk matter accretes (but
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not completely) onto the white dwarf during each normal outburst (for general
information on cataclysmic variables and dwarf novae, see e.g. Warner (1995)),
thus, by the beginning of the next outburst, the radius of the disk Rd is larger
than at the beginning of the previous one, and eventually it reaches a 3:1 res-
onant radius Rd < 0.47a, where a is the binary separation at which a tidal
instability is triggered and a superoutburst occurs. The disk begins to precess
in the orbital plane (prograde apsidal precession). As a result of precession,
so-called positive superhumps (the wave-like changes in brightness with vary-
ing amplitudes, up to several tenths of a magnitude) appear, the period Psh of
which is several percents larger than the orbital one. This period is related to
the orbital period Porb and the precession period Pprec by the relation

1/Pprec = 1/Porb − 1/Psh. (1)

Period of positive superhumps systematically varies: it is constant and biggest
during the superhumps growing (stage A), variable during the next stage B and
shorter, stable at a late stage C (Kato et al., 2009).

Another type of accretion disk precession is the retrograde nodal precession,
probably caused by an accretion disk tilted to the orbital plane (Montgomery &
Martin, 2010; Wood et al., 2011). This precession results in negative superhumps
with a period slightly shorter than the orbital one. While positive superhumps
are an attribute of cataclysmic variables with a mass ratio ≤ 0.3, the negative
superhumps can appear in systems with any mass ratio (Montgomery, 2010).
However, there are far fewer known cataclysmic variables with negative super-
humps than with positive ones.

V503 Cyg is an active dwarf nova of the SU UMa type (Harvey et al., 1995).
Its orbital period obtained from both radial vilocity (Harvey et al., 1995) and
photometry (Pavlenko et al., 2012) is 0.07776 d, the interval between super-
outbursts (supercycle) is 89 d. The interval between adjacent normal outbursts
(cycle) varied from 7 to 30 d on a scale of ∼ 20 years. Negative superhumps with
a period of 0.076 d were found by Harvey et al. (1995) and Szkody et al. (1989)
in epoch of infrequent outbursts. Later a disappearance of negative superhumps
was recorded by Pavlenko et al. (2012) along with a decrease in the normal cy-
cle to 8-9 d. Yet in 2002 Kato et al. (2002) noticed a decrease in the normal
cycle of V503 Cyg. This was an observational confirmation of the idea of Osaki
& Kato (2013b) about the appearance/disappearance of negative superhumps
with the lengthening/reduction of the normal cycle. Information about V503
Cyg state (with or without a disk tilt) and periodic processes for different years
is presented in Table 1.

2. Observations

Observations of the V503 Cyg were carried out by the NASA Transiting Exo-
planet Survey Satellite (TESS) during two seasons at 2-min cadence. The first
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Table 1. V503 state and types of periodicity

Binary state Cycle Period Reference

With disk tilt Negative superhumps Szkody et al. (1989)
0.0760 d

With disk tilt 30 d Negative superhumps Harvey et al. (1995)
0.075694 d
Positive superhumps -”-
0.081041 d
Orbital 0.077708 d -”-

Without disk tilt 7-9 d Kato et al. (2002)
Without disk tilt 8-9 d Orbital 0.077760 d Pavlenko et al. (2012)
Without disk tilt Orbital 0.0777591 d Kato et al. (2014)
Without disk tilt Positive superhumps -”-

0.081446 d

season took place in 2019 between JD 2458683 and 2458737. The second season
occured in 2021 between JD 2459420 and 2459446. The TESS band-pass is wide
∼ 600− 1, 000 nm, see Ricker et al. (2015) for a description of TESS.

3. Results

3.1. V503 Cyg long-term light curves

The long-term light curve of V503 Cyg is presented in Fig. 1. It includes the
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Figure 1. The overall light curve in 2019 (left) and 2021 (right). Data are expressed

in relative flux.

superoutburst, a normal outburst, a quiescent state around and in between
in 2019, a normal outburst and quiescent state around it in 2021. The total
duration of both normal outbursts was about four days, but their profiles were
different. The 2019 outburst has a sharper increase in brightness compared
to decrease, so it is an ”outside-in” type outburst, and the 2021 outburst is
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rather an ”inside-out” type one (Smak (1984)). According to the AAVSO data,
a slight excess of brightness at the beginning of TESS 2019 set of observations
corresponds to the end of the normal outburst. So one can conclude that the
time between two normal outbursts (a normal cycle) was about 34 days which
is comparable to the 30-day normal cycle recorded by Harvey et al. (1995) in
the era of negative superhumps in the 1994 quiescence.

3.2. Periodicity in outbursts and quiescence

During all states of the V503 Cyg activity a short-term periodicity around 1.8 –
2 hours has been observed. Some examples of the light curves in the quiescence,
the normal outburst and the superoutburst are shown in Fig. 2.
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Figure 2. Examples of the light curves during the quiescence, the normal outburst

and the superoutburst. Data are expressed in the relative flux.

As expected, the brightness changes in the quiescent state occurred with a
different period than in the superoutburst. This is illustrated in Fig. 3, where
there are the periodograms computed by the Stellingwerf method implemented
in the ISDA package by Pel’t (1980) for the quiescent state that preceded the
2019 normal outburst and for the 2019 superoutburst. It can be seen from the
periodograms that an average period of brightness variations during the su-
peroutburst was 0.081367(93) days, while in the quiescence it was 0.076063(12)
days. These values are close to the periods of positive and negative superhumps,
respectively, registered earlier (see Table 1). Broad peaks indicate that both pe-
riods have undergone changes over time. The continuity of observations provided
by TESS made it possible to determine the frequencies of brightness changes in
rather narrow time ranges; in this case, the duration of each range was 0.8 d,
which ensured the accuracy of determining the period in the 4th decimal place.
The result is presented in Fig. 4. The graphs show that the periods of both
types of superhumps do change with time, but the nature of these changes is
different. Let us consider the changes in positive and negative superhumps in
more detail.
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3.2.1. Evolution of positive superhumps and mass ratio

To identify the stages of the positive superhumps evolution for the 2019 super-
outburst, we have determined the moments of maximum brightness of positive
superhumps MaxBJD and calculated the values of O-C using the ephemeris

MaxBJD = 2458726.51 + 0.08145 ∗ E. (2)

Fig. 5 shows the O-C values along with superhump amplitudes and the super-
outburst light curve. The superoutburst started with a precursor in a form of a
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Figure 3. The periodograms for the superoutburst (thin line) and the 2019 quiescence

(bold line). The peaks point to the mean period of positive superhumps in the super-

outburst and negative superhumps in the quiescence that is limited by the normal

outburst.

sharp brightness increase lasting a third of a day, followed by a slower bright-
ening that lasted about 0.7 day and a sloping plateau with duration of at least
10 days (see Fig. 6). The precursor is thought as a normal outburst launching a
superoutburst. As it can be seen in the bottom panel of Fig. 6, superhumps ap-
peared already at the precursor stage. The fact that the superhumps appeared
not at the main superoutburst, but at the precursor stage confirms the valid-
ity of a thermal-tidal instability theory (Osaki, 1996). From the beginning of
the appearance of superhumps until they reached their maximum amplitude,
only 10 cycles passed. We identified this interval as stage ”A” (Kato et al.,
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Figure 4. Upper panel: the period of negative superhumps in the quiescence and

positive superhumps in the superoutburst. Lower panel: 2019 and 2021 light curves.

2009) of the positive superhumps growing and, approximating this O-C seg-
ment with a straight line, determined the period of superhumps to be equal
to PA = 0.08247(51) d. For this period, we found a fractional period excess
ǫ∗ = 0.057 (∼ 0.8 d) using the relation proposed by Kato & Osaki (2013),

ǫ∗ = 1− Porb/PA. (3)

Having reached the maximum amplitude, the superhumps entered stage ”B”.
During this stage, the amplitude of superhumps decreased, the period also de-
creased with a derivative of Pdot/P = −4.8 ∗ 10−5.

Note that the period at extremely short stage A may be distorted due to
the influence of previous negative superhumps and the subsequent influence of
positive superhumps at stage B. A situation, when for some reason the period at
stage A is not correctly determined, was considered by Kato (2022). He proposed
to use the empirical relation between the mass ratio at the resonant radius of
3:1 and ǫ at stage B:

ǫ = (Psh − Porb)/Porb, (4)

where Psh is the mean period of positive superhumps at the stage B. In our case,
the average period at the plateau stage (stage B) is 0.08137 d and the orbital
period 0.0777591 d give ǫ = 0.046 and q = 0.195 (from Table 4 in Kato (2022)).

Fig. 7 illustrates in detail how the positive superhumps evolved during
the stage ”B” for each interval of the inclined superoutburst plateau when
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it is divided into four intervals: BJD=2458727.08-2458728.95 (a), 2458729.27-
2458730.73 (b), 2458731.33-2458732.93 (c) and 2458733.33-2558734 (d). Peri-
odograms show the decrease of periods: the average values of the period are
Pa = 0.08211(18); Pb = 0.08110(23); Pc = 0.08126(21); Pd = 0.08087(26) in
these intervals. The corresponding phase curves show decrease of the amplitude
and profile changes along the superoutburst plateau. As in earlier observations
(Kato et al., 2014), the profile was a single peak at the beginning of the su-
peroutburst and became a double peak one at the end of the superoutburst.

Next, we carried out the prewhitening procedure by subtracting the light
variations corresponding to each interval with a period of positive superhumps.
The periodograms constructed for the data residuals are shown in Fig. 8. The
residual light variations in the first interval (a) are close to the orbital frequency
Forb and the beat period 2F+ − Forb , where F+ is the average frequency of
positive superhumps in this interval. The second interval (c) does not contain
any significant frequencies and the corresponding periodogram is not shown
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Figure 6. The superoutburst (upper panel). Its fragment, demonstrating the appear-

ance and development of positive superhumps, is marked with a rectangle and shown

in more detail in the bottom panel.

in the figure. Periodograms for the third (c) and fourth intervals (d) have a
slight excess of the signal in the vicinity of the average frequency of negative
superhumps. This may indicate that negative superhumps also exist during a
supeoutburst, but they are hardly distinguishable against the background of the
overwhelming power of positive superhumps.

3.2.2. Evolution of negative superhumps

As it was seen in Fig 4, negative superhumps between neighboring normal out-
bursts in 2019 (JD ∼2458684 – ∼2458711) show a gradual increase in the period
(decrease in frequency). During the outburst, which began on JD 2458711, there
is a sharp increase in frequency, which slowly decreases after the end of the out-
burst. The same behavior is observed for the 2021 outburst. The pattern of a
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Figure 7. Original light curves, corresponding periodograms and phase light curves

for different parts ”a”, ”b”, c” and ”d” (see the explanations in the text) of the super-

outburst plateau. The time of the first measurement in each interval was taken as the

initial epoch, i.e. BJD 2458727.08448 for interval a, 2458729.27059 for b, 2458731.32892

for c and 2458733.33031 for d.

frequency change is similar to what Osaki and Kato found in the Kepler dwarf
nova V1504 Cyg (Osaki & Kato, 2013b).

We also analyzed the period variation in both normal outbursts and their
vicinity in more detail using the O-C method. In this case, for the brightness
maxima of the negative superhumps for the first normal outburst, we used the
ephemeris

MaxHJD = 2458711.398 + 0.07616 ∗ E (5)

and for the second - ephemeris

MaxHJD = 2459433.778 + 0.07616 ∗ E. (6)

The O-C course for both normal outbursts is shown in Fig.9. In both cases,
at the maximum of each normal outburst, there was an abrupt decrease in the
period (increase in frequency) of negative superhumps. After the end of each
outburst, the period gradually increased during a normal cycle (see Fig. 4). A
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similar behavior was first observed in the Kepler V1504 Cyg by Osaki & Kato
(2013b).

3.2.3. Orbital modulation

Although there is no prominent evidence of the orbital period in the periodogram
presented in Fig. 3, we decided to check this more carefully: to remove the mean
negative superhump period from the all the quiescent TESS data and to analyse
residuals. The resulting periodogram does contain a weak signal at the orbital
period ( Fig.11, left) that is hidden in the periodogram of Fig. 3. Note that
this mean light curve profile (”orbital light curve”) is a two-humped one, with
humps separated by half a period. The amplitude of a larger hump is about
0m.06. However, the orbital profile in the epoch of the orbital period dominance
and the absence of negative superhumps in the 2010 (Pavlenko et al., 2012) and
2011-2012 quiescence states without a disk tilt (Kato et al., 2013) (see Fig.11,
right) is one-humped with an amplitude of ∼ 0m.2.

To see a potential change of the waveform of orbital variation during the
quiescence, we calculated periodograms for several selected intervals of the 2019
and 2021 quiescence (see Fig. 12). One could see that while the larger hump is
stable at all intervals, the smaller hump displays a slightly variable amplitude.
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Figure 9. O-C of the negative superhumps maxima (top) and the corresponding light

curves. The line is drawn through a sharp change in the O-C behavior.

4. Discussion

4.1. Accretion disk radius

According to Larwood (1998), the frequency of negative superhumps is related
to the radius of the accretion disk by a simplified relation

νneg/νorb = 1 + η ∗ 3/7(q/(1 + q)1/2) ∗ (Rd/a)
3/2

∗ cosθ, (7)

where νneg is the frequency of negative superhumps; νorb is the orbital frequency,
q is the mass ratio, cosθ ∼1 for a small disk inclination angle, a is the binary
separation, and η is a correction factor depending on the distribution of matter
density in the disk. Reconciliation of this formula to the evolution of negative
superhumps found by us shows that the radius of the accretion disk abruptly
increases during the normal outburst and gradually decreases towards the onset
of a next outburst. Similar phenomena were obtained for the Kepler V1504 Cyg
(Osaki and Kato) and for the ground-based observations of MN Dra (Sklyanov
et al., 2020), and NY Her (Pavlenko et al., 2021). Such behavior of the accretion
disk is in accordance with the prediction of the thermal-tidal instability model.

As for the estimation of the disk radius, we have to know the correction
factor η, which is unknown for the V503 Cyg in quiescence. Using equation (7)
for q=0.195, νorb = 12.86, the mean frequencies of negative superhumps νneg
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= 13.20(4) and 13.09(5); νneg = 13.20(4) and 13.09(4) at the start and the
end of the 2019 and 2021 quiescence, we calculated the dependence of the disk
radius on η (see Fig. 10). The range of probable disk radius values is limited
by the possible η=1.94-2.12 (Osaki & Kato, 2013a) and the 3:1 resonant radius
unattainable in a normal outburst. One could see that a larger η corresponds
to smaller radii. Despite of an unknown density distribution of matter in the
V503 Cyg disk, we can take η = 1.22 that Osaki & Kato (2013a) assumed for
the quiescent disk of the Kepler V1504 Cyg. In this case we obtain in average a
decrease of the disk radius from 0.43(3)a to 0.33(4)a during the quiescent state
between two normal outbursts (Fig. 10). Although these values may look close
to reality (see, for example, a discussion in Hellier (2001), we still cannot assert
their truth due to the unknown real density distribution of matter in the disk.
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Figure 10. Dependence of the disk radius on a correction factor η for 2019 and 2021
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radius.
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4.2. Difference of orbital light curve profile in tilted and non-tilted
disk state

A potential contribution of various sources of radiation in CVs to the total
radiation of the system may differ in different CVs, and this determines the
waveform of orbital modulation. A ”typical” profile of the light curve folded on
the orbital period is one-humped due to a hot spot on the rim of the accre-
tion disk. However, there are some exceptions. A one-humped light curve may
be caused also by a reflection effect of the secondary component. Among cat-
aclysmic variables there are cases of double-humped light curves with different
interpretation. They may imply the contribution of ellipsoidality of a secondary,
or a spiral structure of the accretion disk in the dwarf novae with a low mass
ratio, predicted by Lin & Papaloizou (1979). Dai et al. (2018) suggested that
double-humped orbital modulation in the systems with low inclination may be
caused by two spots – one on the edge of disk, the other on its surface.

We believe that the change in the V503 Cyg orbital light curve profile is due
to a change in the state of the accretion disk. As Kimura et al. (2020) noted, that
contrary to the typical case of a non-tilted disk, in binaries with a tilted disk,
the accretion stream not only hits the outer rim of the disk, but also reaches the
inner part of the disk. The two-humped orbital profile of the TESS data may
be due to the fact that in the state with a disk tilt, one spot appears to be the
hot spot on the edge of disk, while another may be from a spot caused by the
matter hitting an inner disk. During the state without a disk tilt, there is one
spot on the edge of disk.

5. Conclusion

We analysed the photometric data of the SU UMa-type dwarf nova V503 Cyg ob-
tained in 2019 and 2021 with the Transiting Exoplanet Survey Satellite (TESS).
The main results are summarized as follows:

- The A and B stages in the positive superhumps evolution during the 2019
superoutburst were identified and the mass ratio was estimated.

- In 2019 and 2021 the strong negative superhumps dominanted during the
quiescence and normal outbursts, so the binary state of V503 Cyg was with an
accretion disk tilt. The period of negative superhumps showed cyclical changes:
it increased slowly between normal outbursts and decreased sharply during the
outburst. This reflects cyclic changes in the radius of the disk, consistent with
the thermal-tidal instability model.

- It was found that in the 2019 quiet state a weak signal was detected at the
orbital period. Its profile was double-humped, as opposed to the single-humped
one observed in the era when the orbital signal was dominant. We hypothesized
that the difference in profiles could be due to the different state of the binary
system. The one-humped profile is caused by a hot spot on the edge of the non-
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titled disk, and the two-humped one is associated with one spot on the edge of
a tilted disk, and the second spot - in its inner part.

Acknowledgements. The authors are grateful to the reviewer Sergey Shugarov for
a careful reading of the manuscript, comments, and a discussion.
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Abstract. The generalized polytropic equation of state P (r) = K
(

ρ(r)/f(r)
)4/3

for calculation of stars’ characteristics of an arbitrary age with a spatially het-
erogeneous distribution of chemical composition (f(r) = µ(r)/µ̄, where µ(r) is
the local value of the dimensionless molecular weight, and µ̄ is its average value
over the star volume) was constructed by the Eddington method. Using the
example of the Sun, it is shown that the standard polytropic model (f(r) = 1)
corresponds to the stars of zero age. The characteristics of the Sun in the
modern epoch and their evolutionary changes were calculated. The obtained
results are close to those based on the system of Schwarzschild equations. The
proposed approach is applied to the calculation of the internal structure of the
star model with axial rotation.

Key words: methods: analytical – stars: fundamental parameters – stars:
interiors – stars: evolution

1. Introduction

Axial rotation of stars is an attribute of their existence. Traditionally, the influ-
ence of axial rotation on stars’ characteristics is taken into account within the
perturbation theory. Herewith, the zero approximation is a well-known poly-
tropic model with spatially homogeneous chemical composition and equation of
state P (r) = K[ρ(r)]1+1/n, where n and K are constants. In the particular case
n = 3, this model was substantiated by Eddington at the beginning of the last
century, when there was no information about the energy sources of stars and
changes of chemical composition with the age of a star. The polytropic models
with n 6= 3 have a phenomenological character. The theory of rotational poly-
tropes was developed by Milne (1923), Chandrasekhar (1933), James (1964) and
other researchers in the first half of the last century within the mechanical equi-
librium equation. In the first of the two named works, the influence of rotation
was taken into account as a perturbation and analytical expansions were used
with accuracy to the square of angular velocity. The work of James (1964) is
based on the numerical integration of the equilibrium equation.
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The second stage in the development of the internal structure of stars, ini-
tiated in the middle of the last century, was based on the system of equations
(Schwarzschild, 1958). However, in the study of solar structure and the evo-
lution of stars with different masses (Eddington, 1988), there were employed
spherically symmetrical models and rotation considered as a secondary factor.
At the same time, Monaghan & Roxburgh (1965), Caimmi (1980), and Williams
(1988) improved the semi-analytical theory of rotational polytropes with a spa-
tially uniform chemical composition, corresponding to stars of zero age.

Already in the XXI-th century, a new direction of research has been arisen
– the calculation of the internal structure of specific stars with high angular
velocity. In particular, Kong et al. (2015) and Knopik et al. (2017), who focus
on the internal structure of the star α Eri with angular velocity ω ≈ 3 ·10−5s−1,
employed the computer 3D integration. However, the standard polytropic equa-
tion of state with index n = 1 reduces the persuasiveness of the obtained results
for a star that is at the final stage of its evolution. The strict approach to the
calculation of the internal structure of a star should be based on a system of
differential equations. As it is known, the system of Schwarzschild equations
for the model with a spherically symmetry consist of four ordinary differential
equations. Taking into account the rotation leads to eight differential equations,
which greatly complicated calculations. We propose a different approach to the
calculation of characteristics of stars of different age at the presence of rotation.
We find an approximate semi-analytical solutions of the mechanical equilibrium
equation with rotation within a generalized equation of state, that allows us to
take into account the spatially heterogeneous chemical composition, which arose
as a result of thermonuclear reactions and corresponds to the star of certain age.
Undoubtedly, such approach has a qualitative nature, but it greatly simplifies
the calculations and plays the role of some express analysis for the selection of
objects for the purpose of more detailed research.

In Section 2 there is substantiated the generalized polytropic model accord-
ing to the Eddington method. The characteristics of the current Sun were cal-
culated in Section 3 using the polytropic model with a spatially heterogeneous
chemical composition. There were shown the advantages of such model com-
pared with the standard model with n = 3. In the same section, there were
calculated the evolutionary changes of the Sun’s characteristics based on the
modeling of the radial distribution of partial density of hydrogen. Section 4 is
devoted to the influence of axial rotation on the characteristics of a star model,
which is similar to the Sun, but has significant axial rotation.

2. The generalized equation of state

Using the Eddington method, we consider a model with spatially heteroge-
neous distribution of chemical composition, taking into account both gas and
light pressure at the same time,
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Pgas(r) =
kB

muµ(r)
ρ(r) T (r), Pph(r) =

a

4
T 4(r), (1)

where ρ(r) is the local density, T (r) is the temperature, µ(r) is the local value of
dimensionless (in atomic mass units mu) molecular weight, a = k4B(~c)−3π2/15,
kB is the Boltzmann constant, c is the speed of light. According to the main
Eddington assumption

Pgas(r) = βP (r), Pph(r) = (1 − β)P (r), (2)

where P (r) is the total pressure, and β is the constant independent on coordi-
nates. By excluding the temperature from the system of equations (1) and (2),
we obtain a relation between pressure and density in the form

P (r) = K

[

ρ(r)

f(r)

]4/3

, f(r) =
µ(r)

µ̄
, (3)

where µ̄ is the dimensionless parameter that represents the average value of the
molecular weight by the volume of the star. Herewith,

K =

{

1 − β

β4
·

3

a

(

kB
muµ̄

)4
}1/3

(4)

coincides with the value of the constant in the Eddington model, namely in
the approximation µ(r) = µ̄, or f(r) = 1, that corresponds to the star of zero
age on the main sequence. Using the example of the Sun, we will show that the
equation of state (3) better describes the internal structure of the star compared
to the standard polytropic model. This applies not only to the characteristics
of the Sun in the current epoch, but also to their evolutionary changes.

3. The internal structure of the Sun within the generalized

polytropic model

Taking into account a small angular velocity of the Sun (≈ 3 · 10−6s−1),
we consider a spherically symmetrical model that corresponds to works per-
formed on the system of Schwarzschild equations. We examine the mechanical
equilibrium equation

∇P (r) = −ρ(r)∇Φgrav(r), (5)

in which



The calculation of normal stars structure within the generalized polytropic model 39

Φgrav(r) = −G

∫

ρ(r
′

)dr
′

|r− r′ |
(6)

is the gravitational potential on the sphere of radius r. Using expression (3) and
taking into account that

[

ρ(r)

f(r)

]−2/3

∇

(

ρ(r)

f(r)

)

= 3∇

(

ρ(r)

f(r)

)1/3

, (7)

equation (5) takes the form

4K∇2

(

ρ(r)

f(r)

)1/3

= −f(r)∇2Φgrav(r) − (∇f(r),∇Φgrav(r)). (8)

In the spherically symmetrical model of a star with radius R

Φgrav(r) = −
GM(r)

r
− 4πG

R
∫

r

ρ(r′)r′dr′, (9)

where

M(r) = 4π

r
∫

0

ρ(r
′

)(r
′

)2dr
′

(10)

is the mass of matter in the sphere of radius r, and dΦgrav(r)/dr = GM(r)/r2.
According to the Poisson equation ∆Φgrav(r) = 4πGρ(r). Taking into account
relation (9) and the next ones, we transform equation (8) to the integro-differ-
ential equation

4K∆

(

ρ(r)

f(r)

)1/3

= −4πGρ(r)f(r) −
GM(r)

r2
·
df(r)

dr
. (11)

For a known function of f(r), the solution of equation (11) determines the
radial distribution of density ρ(r). For a star of zero age f(r) = 1, equation
(11) reduces to the differential equation for the standard polytropic model. For
the convenience of integrating equation (11), let’s introduce the dimensionless
variables

ξ = r/λ, y(ξ) =

{

ρ(r)

f(r)

[

fc
ρc

]}1/3

, (12)

where λ is the scale of length, ρc ≡ ρ(0), and fc ≡ f(0). Functions µ(r) and
f(r) are represented in the form

µ(r) ≡ µ(r/R) = µ(ξ/ξ1), f(r) ≡ f(r/R) ≡
µ(ξ/ξ1)

µ̄
=

=
µ(ξ/ξ1)

µ(0)

µ(0)

µ̄
= fc

µ(ξ/ξ1)

µ(0)
,

df(r)

dr
=

df(r/R)

Rd(r/R)
=

df(ξ/ξ1)

λξ1d(ξ/ξ1)
,

(13)
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where ξ1 = R/λ is the dimensionless value of the star radius. Let’s take into
account that

∆ = r−2 d

dr

(

r2
d

dr

)

=
1

λ2
∆ξ, ∆ξ = ξ−2 d

dξ

(

ξ2
d

dξ

)

,

let’s multiply equation (11) by fc/ρc and determine λ by

K = πG

[

ρc
fc

]2/3

λ2. (14)

As a result, we obtain the dimensionless form of the equilibrium equation

∆ξy(ξ) = −y3(ξ)f2(ξ/ξ1) −
fc
ξ1

·
df(ξ/ξ1)

d(ξ/ξ1)
·

1

ξ2

ξ
∫

0

(ξ
′

)2y3(ξ
′

)
µ(ξ

′

/ξ1)

µ(0)
dξ

′

. (15)

According to the definition of the function y(ξ), the regular solution of equation
(15) must satisfy the boundary conditions

y(0) = 1,
dy

dξ
= 0 at ξ = 0. (16)

The dimensionless radius of the star ξ1 is the root of equation y(ξ) = 0. Since ξ1
plays the role of a parameter in equation (15), it is determined in a self-consistent
way using the method of successive approximation during the numerical inte-
gration of this equation for a given function f(ξ/ξ1).

The function y(ξ) and the dimensionless radius ξ1 allow us to determine the
unknown parameters of the problem λ, ρc and K from the system of equations

R⊙ = λ ξ1, M⊙ = 4πλ3ρc α, K = πGλ2
(

ρc
fc

)2/3

(17)

with the known values of mass and radius of the Sun, where

α =

ξ1
∫

0

ξ2y3(ξ)
f(ξ/ξ1)

f(0)
dξ =

ξ1
∫

0

ξ2y3(ξ)
µ(ξ/ξ1)

µ(0)
dξ. (18)

3.1. The Sun characteristics within the standard polytropic model

The solution of the dimensionless equilibrium equation in the standard poly-
tropic model (f(r) = 1) for n = 3 is well known and shown by curve 1 in Fig. 1.
Herewith

ξ1 = 6.89685 . . . , α = 2.01824 . . . . (19)
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Figure 1. The solutions of the equilibrium equation. Curve 1 corresponds to the

standard polytropic model, curve 2 – to the generalized model.

Using the observed values of the mass and radius of modern Sun (M⊙ =
1.9891 . . . · 1033g, R⊙ = 6.9634 . . . · 1010cm), we can determine the values of
the parameters in the standard model

λ = 1.0098 · 1010 cm, ρc = 76.1731 g cm−3,

K = 3.8416 · 1014 cm3 g−1/3 s−2.
(20)

The radial density distribution in such approximation is determined by the
expression

ρ(r) = ρcy
3
3

( r

λ

)

= ρcy
3
3(xξ1), (21)

where x ≡ r/R⊙, and y3(ξ) is Emden’s function for the polytropic index n = 3.
The obtained value of the central density is close to that found by Sears (1964)
for the Sun of zero age through the numerical integration of the system of
Schwarzschild equations (ρc = 90 g cm−3). If we use the value R⊙ = 6.6460 ·
1010 cm (calculated by Sears (1964) for the zero age) instead of the modern
radius of the Sun, then we obtain the specified values of the parameters

λ = 0.9571 · 1010 cm, ρc = 87.6100 g cm−3,

K = 3.8416 · 1014 cm3 g−1/3 s−2.
(22)
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Such value of the central density coincides with the value obtained by Sears
(1964) for the Sun of zero age. This indicates that the standard model with n = 3
is entirely applicable to the Sun at zero age, where the spatial distribution of
chemical elements is uniform and corresponds to the Eddington approximation.
But such model is not applicable for the modern Sun, where the central density
is close to the value ρc = 158 g cm−3 (Sears, 1964).

3.2. The characteristics calculation in the generalized model of mod-
ern Sun

We use Emden’s function for n = 3 as the zero approximation to find the
solution of equation (15) by the iterative method. The coordinate dependence
of the characteristics of the modern Sun was calculated through the numerical
integration of the system of Schwarzschild equations by Sears (1964). Our aim is
to compare the results of characteristic calculations for the modern Sun within
the generalized model with those obtained by Sears (1964). For this, we use the
coordinate dependence of the dimensionless molecular weight µ(r) ≡ µ(r/R⊙) =
µ(x), which was calculated by Lamers & Levesque (2017) for the values of the
partial densities outside the core X = 0.708, Y = 0.272 and Z = 0.020. As
shown in Fig. 2, the agreement is well-established almost everywhere in the
interval 0 ≤ x ≤ 1 (except for the surface layers) with the known expression

µ(r/R⊙) =

{

2X(r/R⊙) +
3

4
Y (r/R⊙) +

1

2
Z(r/R⊙)

}−1

, (23)

which corresponds to the total ionization of matter. To simplify calculations, we
do not take into account the change of µ(r/R⊙) in the surface region, extrapolat-
ing instead the molecular weight value in the intermediate region to the surface
region. We represent the function µ(x) in the form of a Padé approximant,

µ(x) =







3
∑

j=0

bj x
j







−1
3

∑

i=0

ai x
i,

a0 = 0.0149173, a1 = −0.0868327, a2 = 0.730856, a3 = 1.7342,

b0 = 0.0172646, b1 = −0.0893741, b2 = 1.0339, b3 = 2.96529.

(24)

Calculating µ̄ as the average value of µ(r/R⊙) over the star volume,

µ̄ = 3R−3
⊙

R⊙
∫

0

µ(r/R⊙)r2dr = 3

1
∫

0

x2µ(x)dx, (25)

we represented in the analytical form the function f(x) = µ(x)/µ̄, derivative
df/dx, and f(x)f−1

c = µ(x)/µ(0). In Fig. 2 it is also shown the function f(x) and
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Figure 2. The coordinate dependence of the dimensionless molecular weight µ(x)

(curve 1), the partial density of hydrogenX(x) (curve 2) from Sears (1964) and Lamers

& Levesque (2017), and the function f(x) (curve 3).

the partial density of hydrogen X(x) according to formula (23) and condition
X(x) + Y (x) + Z(x) = 1. In order to analyze equation (15), we note that
for a star with the age of the Sun, where thermonuclear reactions occur during
4.5·109 years, the molecular weight µ(r/R⊙) in the core region is greater than the
average value of µ̄(f(r/R0) > 1), and outside the core µ(r/R⊙) ≈ µ̄, (f(r) ≈ 1).
The nature of the solution to equation (15) is primarily determined by the first
term on the right-hand side, while the second term (which is positive) plays
the role of correction. Therefore, in the core region the condition y(ξ) < y3(ξ)
must be satisfied, while outside the core the condition y(ξ) > y3(ξ) must be
fulfilled. From there it follows that the dimensionless radius of the Sun ξ1 in
the generalized model must be greater than the value ξ1 = 6.89685 . . . of the
standard model. The solution of equation (15) according to approximation (24)
(curve 2) and the function y3(ξ) (curve 1) are shown in Fig. 1. In accordance
with expressions (17) and (18) at ξ1 = 7.72441 and α = 1.30993, we have

λ = 0.9015 · 1010 cm, ρc = 164.9420 g cm−3,

K = 4.0776 · 1014 cm3 g−1/3 s−2.
(26)
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Figure 3. The distribution of density along the radius in different approximations.

Curve 1 corresponds to the standard model, curve 2 – to the generalized model.

The density of matter is determined by the solution of equation (15),

ρ(r/R⊙) = ρ(ξ/ξ1) = ρc
f(ξ/ξ1)

fc
y3(ξ). (27)

In Fig. 3 the radial dependence of density compares in two models: curve 1 cor-
responds to the standard model, and curve 2 – to the generalized model. The
radial dependence of density in the generalized model of the Sun, along with
analogous values from Lamers & Levesque (2017), is shown in Fig. 4. The crite-
rion for calculation is not only the central density but also other characteristics,
including the gravitational and total energy of the star, moment of inertia, and
the age of the star. To evaluate the age of the Sun, let’s determine the hydrogen
mass in the modern epoch

MH = 4πρcλ
3

ξ1
∫

0

ξ2y3(ξ)X(ξ/ξ1)
µ(ξ/ξ1)

µ(0)
dξ = M⊙

γ

α
, (28)

where α is determined by formula (18), and

γ =

ξ1
∫

0

ξ2y3(ξ)X(ξ/ξ1)
µ(ξ/ξ1)

µ(0)
dξ. (29)
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Figure 4. The distribution of density along the radius. Curve 2 corresponds to formula

(15), curve 3 is taken from Lamers & Levesque (2017).

Since at the zero age phase MH = 0.708 ·M⊙, the loss of partial hydrogen mass
is equal

∆MH =
(

0.708 −
γ

α

)

M⊙, (30)

that corresponds to the mass defect δH = 0.00716 · ∆MH and the radiation
energy δH · c2. Taking into account that the Sun’s luminosity L⊙ has changed
only slightly during its existence, we can determine its age

t =
∆MH · 0.00716 · c2

L⊙

=
M⊙

L⊙

(

0.708 −
γ

α

)

0.00716 · c2, (31)

where L⊙ is the Sun luminosity, c is the speed of light. For the modern Sun,
γ = 0.870 and α = 1.310, from which it follows that t ≈ 4.6 · 109 years. This
value deviates from the generally accepted value by 2%. According to relations
(17) and (27), the potential model energy is represented in the form

W = −
1

2
G

∫∫

V

ρ(r1)ρ(r2)|r1 − r2|
−1dr1dr2 = −G

M2
⊙

R⊙

w,

w =
ξ1
α2

ξ1
∫

0

ξ y3(ξ)
µ(ξ/ξ1)

µ(0)
dξ

ξ
∫

0

ξ22y
3(ξ2)

µ(ξ2/ξ1)

µ(0)
dξ2.

(32)



46 M.Vavrukh and D.Dzikovskyi

For the modern Sun w ∼= 1.656. Using the result of the calculation ρ(r/R⊙)
from Lamers & Levesque (2017), we obtain the analogous expressions

Ws = −G
M2

⊙

R⊙

ws,

ws =
1

α2
s

1
∫

0

xρ̃(x)dx

x
∫

0

z2ρ̃(z)dz;

αs =

1
∫

0

x2 ρ̃(x) dx; ρ̃ = ρ(x)/ρc.

(33)

As known from the polytropic theory, the volume density of internal energy

E(r) = 3P (r) (34)

for n = 3. In the case of a generalized polytrope

E(r) = 3K

(

ρ(r)

f(r)

)4/3

, (35)

therefore, the total internal energy

U =

∫

V

E(r)dr = G
M2

⊙

R⊙

v,

v = 0.75 ξ1 (α fc)
−2

ξ1
∫

0

ξ2y4(ξ) dξ ∼= 1.655.

(36)

As in the standard polytropic theory, in the generalized model gravitational
energy and internal energy are mutually compensated. In connection with the
redistribution of matter with age along the radius, it is worth comparing the
moment of inertia relative to the Sun’s diameter both in the standard and
generalized models. In the generalized model

I =

∫

V

r2 sin2 θ ρ(r) dr = M⊙R
2
⊙ · 2β (3α ξ21)−1, (37)

where

β =

ξ1
∫

0

ξ4 y3(ξ)
µ(ξ/ξ1)

µ(0)
dξ. (38)

For the modern Sun I ∼= 6.485·1053 g·cm2. To obtain the moment of inertia of the
Sun of zero age, we should use α = 2.018, and replace the multiplier µ(ξ/ξ1)/µ(0)
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with a unit. This yields the value I(t = 0) ∼= 6.622 · 1053 g · cm2. Although the
Sun’s radius increases with the age, its moment of inertia decreases, leading to
an increase in rotational velocity.

3.3. Evolutionary changes of the Sun characteristics

Comparing the characteristics of the Sun at zero age with its modern character-
istics reveals an interesting problem in calculating their age dependence. For this
purpose, we modeled the partial radial dependence of hydrogen in the Sun’s core
using curves that are shown in Fig. 5. The dotted straight line 1 corresponds to
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Figure 5. The partial distribution of hydrogen Xn(x) in the Sun’s core at different

ages (see the text).

the zero age, curve 3 approximately corresponds to the current state of the Sun
according to the calculations of Lamers & Levesque (2017). Curves 2, 4, and 5
are modeled to represent specific moments in the past and future. These curves
are approximated using analytical expressions

Xn(x) =

{

4
∑

i=0

d
(n)
i xi

}−1 4
∑

i=0

c
(n)
i xi, (39)
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and the coefficients c
(n)
i , d

(n)
j for n = 2, 3, 4, and 5 are represented in Tab. 1.

Curves Xn(x) correspond to the radial dependence of the dimensionless molec-

Table 1. The coefficients of formula (39).

n c
(n)
0 c

(n)
1 c

(n)
2 c

(n)
3 c

(n)
4

2 0.00121312 −0.0129071 0.159383 −0.899003 2.39018
3 0.000923382 −0.0036938 0.177201 −0.69752 3.856
4 0.00018172 0.0010917 0.0298524 −0.0866747 2.41146
5 0.000393233 −0.00373364 0.0869501 −0.45848 2.55274

n d
(n)
0 d

(n)
1 d

(n)
2 d

(n)
3 d

(n)
4

2 0.00239208 −0.0253873 0.252826 −1.31403 3.40033
3 0.00281341 −0.0112101 0.248745 −0.961501 5.43149
4 0.000676466 0.00341449 0.0237693 −0.0889951 3.38885
5 0.00186471 −0.0157796 0.159344 −0.706516 3.63906

ular weight µn(r/R⊙), calculated according to expression

µn(x) = {0.75 + 1.25 Xn(x) − 0.005}−1. (40)

Herewith, µ1 = µ̄1 = 0.6135, and µ3(x) is represented by expression (24). For
the models with functions µ2(x), µ4(x), and µ5(x) the solutions of equation (15)
were found, and the values of αn, βn and γn were calculated. Additionally, the

central density ρ
(n)
c , the moment of inertia In were determined and the age of

the model tn was evaluated. All these values are shown in Tab. 2. The values
of the Sun’s radius for the corresponding age were calculated according to the
approximation formula

R⊙(t) = R⊙(k0 + k1t), (41)

where t is expressed in billions of years, R⊙ = 6.963 · 1010 cm is the radius of
modern Sun. The coefficients k0 = 0.9545 and k1 = 0.0101 are determined based
on the known value of R⊙ and the radius value for zero age R⊙(0) = 6.646 ·1010

cm (Sears, 1964).

As it was shown in Tab. 2, during the evolution of the Sun on the main se-
quence, its radius increases, there is a significant redistribution of matter along
the radius and, as a result, the moment of inertia decreases. The change of
the Sun mass during the existence on the main sequence is not taken into ac-
count. Therefore, according to the law of conservation of angular momentum,
the decreasing of moment of inertia causes the relative increasing of the angular
rotation velocity by an order of magnitude (1÷ 3)% for 109 years depending on
the age.
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Table 2. Evolutionary changes of the Sun characteristics (here R
(n)
⊙ is determined in

units 1010cm, ρ
(n)
c – g cm−3, In – 1053g cm2, and t – 109 years).

n X(0) ξ
(n)
1 αn βn γn R

(n)
⊙ ρ

(n)
c In t

1 0.708 6.896 2.01824 10.8516 1.42891 6.646 87.610 6.6219 0
2 0.507 7.336 1.63094 9.34026 1.12159 6.805 121.634 6.5370 2.1379
3 0.328 7.951 1.29411 8.08539 0.85976 6.963 182.081 6.3527 4.5937
4 0.269 8.407 1.16195 7.68088 0.75303 7.091 227.076 6.2378 6.3085
5 0.211 9.274 1.00958 7.35792 0.62507 7.305 320.827 5.9967 9.3548

4. The star structure with rotation within the generalized

model

In this section we consider a model of a star with constant velocity of axial
rotation ω = const, which in the absence of rotation would have the character-
istics of the modern Sun. Our aim is to compare characteristics of two rotating
polytropes – standard and generalized, in particular, changes in their charac-
teristics under the influence of rotation. To simplify the problem, we will take
into account the effect of rotation within the perturbation theory.

The equilibrium equation of the star with axial rotation generalizes relation
(5),

∇P (r) = −ρ(r) {∇ Φgrav(r) + ∇Φc(r)} . (42)

In the spherical coordinate system with the axis of rotation directed along the
Oz direction, the centrifugal potential is

Φc(r) = −
1

2
ω2r2 sin2 θ, (43)

where θ is the polar angle. Using the equation of state (3) and applying the
gradient operator to both sides of equation (42), we obtain the analogue of
equation (8)

4K∆

(

ρ(r)

f(r)

)1/3

= −4πGρ(r)f(r) − f(r)∆Φc(r)−

−
(

∇f(r), [∇Φgrav(r) + ∇Φc(r)]
)

.

(44)

At f(r) = 1 this equations coincides with the equilibrium equation of a rotating
polytrope. Since the last term on the right-hand side of equation (44) plays the
role of correction, we consider it in the approximation of spherical symmetry,
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following the same way as in formula (8)

4K∆

(

ρ(r)

f(r)

)1/3

= −4πGρ(r)f(r) + 2ω2f(r) + ω2r(1 − z2)
∂f(r)

∂r
−

−
GM(r)

r2
·
∂f(r)

∂r
,

(45)

where z = cos θ. Due to the fact that the influence of rotation is taken into ac-
count as a perturbation, we use a spherically symmetrical approximation for the
function f(r). We perform transition to the dimensionless variables by relations

r = ξλ, Y (ξ, z) =

(

ρ(r)

f(r)
·
fc
ρc

)1/3

, (46)

using the same scale as for the model without rotation. Introducing the dimen-
sionless angular velocity

Ω = ω

(

fc
2πGρc

)1/2

, (47)

we transform equation (45) to the dimensionless form

∆ξ,zY (ξ, z) = Ω2f(ξ/ξ1) − Y 3(ξ, z)f 2(ξ/ξ1)+

+
Ω2

2
·
ξ

ξ1
(1 − z2)

∂f(ξ/ξ1)

∂(ξ/ξ1)
−

fc
ξ1ξ2

·
∂f(ξ/ξ1)

∂(ξ/ξ1)

ξ
∫

0

(ξ
′

)2y3(ξ
′

)
µ(ξ

′

/ξ1)

µ(0)
dξ

′

.
(48)

Here

∆ξ,z = ∆ξ + ξ−2∆z;

∆ξ =
∂2

∂ξ2
+ 2ξ−1 ∂

∂ξ
; ∆z =

∂

∂z
(1 − z2)

∂

∂z
.

(49)

The substitution
Y (ξ, z) = y(ξ) + Ω2Ψ(ξ, z) (50)

and linearization of equation for the function Ψ(ξ, z) predicts that the gener-
alized polytrope, without rotation, is used in the role of a zero approximation
for calculating characteristics of a rotating polytrope. In such approximation
Ψ(ξ, z) satisfies the equation

∆Ψ(ξ, z) = f(ξ/ξ1) + ξ(3ξ1)−1
(

1 − P2(z)
) ∂

∂(ξ/ξ1)
f(ξ/ξ1)−

− 3y2(ξ)f 2(ξ/ξ1)Ψ(ξ, z),

(51)

where P2(z) is the Legendre polynomial of second order and y(ξ) is the solution
of equation (15). From equation (51) it follows that Ψ(ξ, z) can be represented
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in the form of expansion in a series of Legendre polynomials (Abramowitz &
Stegun, 1970),

Ψ(ξ, z) = ψ0(ξ) +

∞
∑

l≥1

a2lP2l(z)ψ2l(ξ), (52)

where a2l are integration constants. By substituting series (52) into equation
(51) and equating the multipliers with the same Legendre polynomials, we ob-
tain the system of independent linear equations for functions ψ0(ξ) and ψ2lξ

∆ξψ0(ξ) = f(ξ/ξ1) − 3y2(ξ)f2(ξ/ξ1)ψ0(ξ) + (3ξ1)−1ξ
∂

∂(ξ/ξ1)
f(ξ/ξ1);

∆ξ ψ2(ξ) =

{

6

ξ2
− 3y2(ξ)f2(ξ/ξ1)

}

ψ2(ξ)−

− (3a2ξ1)−1 ∂

∂(ξ/ξ1)
f(ξ/ξ1);

∆ξψ2l(ξ) =

{

2l(2l + 1)

ξ2
− 3y2(ξ)f 2(ξ/ξ1)

}

ψ2l(ξ), . . .

(53)

for l ≥ 2. For f(ξ/ξ1) = 1 these equations coincide with the equations for the
standard rotational polytrope with n = 3 (Vavrukh et al., 2020). According
to the definition of the function Y (ξ, z) and conditions (16), equations (53)
correspond to the boundary conditions

ψ2l(0) = 0,
∂

∂ξ
ψ2l(ξ) = 0 at ξ = 0 for l ≥ 0. (54)

It’s easy to see that the function ψ0(ξ) has asymptotics f(0)ξ2/6 + . . . for
ξ ≪ 1, and functions ψ2l(ξ) for l ≥ 1 are convenient by normalized to the
Bessel functions of the first kind (Abramowitz & Stegun, 1970) (ψ2l(ξ) ⇒
[(2l + 1)!!]−1ξ2l + . . .). In Figs. 6 and 7 we compare the solutions of equations
ψ0(ξ) and ψ2(ξ) for both the standard and the generalized rotational polytropes.

The expression

ρ1(ξ, z) = ρc
f(ξ/ξ1)

fc

{

y(ξ) + Ω2Ψ(ξ, z)
}3

(55)

determines the distribution of matter in the rotational generalized polytrope,
and the expression

ρ0(ξ, z) = ρ(0)c

{

y3(ξ) + Ω2
0Ψ(0)(ξ, z)

}3

(56)

yields the analogous distribution for the standard rotational polytrope. Here-

with, Ω0 = ω(2πGρ
(0)
c )−1/2

Ψ(0)(ξ, z) = ψ
(0)
0 (ξ) +

∑

l≥1

a
(0)
2l ψ

(0)
2l (ξ)P2l(z), (57)
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Figure 6. Dependence of the function ψ0(ξ) on the variable ξ. The solid curve corre-

sponds to the standard model, the dashed one – to the generalized model.

and functions ψ
(0)
0 (ξ), ψ

(0)
2l (ξ) are determined by equations (53), in which the

replacements f(ξ/ξ1) ⇒ 1 and y(ξ) ⇒ y3(ξ) should be performed.

In the case of small angular velocities, integration constants a2l and a
(0)
2l can

be determined using the Milne-Chandrasekhar method (Milne, 1923) based on
the condition of continuity of the gravitational potential on the star’s surface.

Constants a2 and a
(0)
2 corresponding to the generalized and the standard models

are determined by the following expressions

a2 = −
5

6
ξ21

{

3ψ2(ξ1) + ξ1
∂

∂ξ1
ψ2(ξ1)

}−1

,

a
(0)
2 = −

5

6
(ξ

(0)
1 )2

{

3ψ
(0)
2 (ξ

(0)
1 ) + ξ

(0)
1

∂

∂ξ
(0)
1

ψ
(0)
2 (ξ

(0)
1 )

}−1

,

(58)

where ξ
(0)
1 = 6.89685 . . . is the dimensionless radius of the standard model with-

out rotation. Note that in expressions (55) and (56), the central densities of
corresponding polytropes without rotation appear.

The surface of rotational polytropes is determined in the following way. The
conditions

Y (ξ, 1) = 0 and Y (ξ, 0) = 0 (59)
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determine polar and equatorial radii of the generalized rotational polytrope
ξp(Ω) and ξe(Ω). Taking into account that the surface of the rotational poly-
trope is close to the surface of a rotational ellipsoid, the surface equation of the
polytrope can be rewritten in the form

ξ1(z) = ξe(Ω)

{

1 + z2
e2(Ω)

1 − e2(Ω)

}−1/2

, (60)

where

e(Ω) =

{

1 −

(

ξp(Ω)

ξe(Ω)

)2
}1/2

(61)

is the eccentricity of the ellipsoid. In the case of the standard polytrope, we
should make the replacement Ω → Ω0.

The dimensionless angular velocity Ω is an independent parameter of the
problem. Its maximal value Ωmax is determined by the conditions of the violation
of monotonous behavior of the function Y (ξ, z) at the star’s equator

Y (ξ, 0) = 0,
∂

∂ξ
Y (ξ, 0) = 0, (62)
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which also determines the maximal value of the equatorial radius according to
condition (59). For Ω > Ωmax, there occurs a leakage of matter at the equator.
For the standard model of a rotational polytrope with n = 3 we obtain the

value that is close to Ω
(0)
max = 0.0623 (Vavrukh et al., 2020). In the case of the

generalized polytrope, this value depends on the function f(r/R). For the model
that is close to the modern Sun, Ωmax ≈ 0.047 . . . .

The values of polar and equatorial radii, as well as the eccentricity as func-
tions of angular velocity in the interval 0 ≤ Ω ≤ Ωmax are shown in Tab. 3.

Table 3. Dependence of the macroscopic characteristics of the generalized polytrope

on the angular velocity Ω.

Ω ξp(Ω) ξe(Ω) e(Ω) η(Ω)
0.010 7.94171 8.0049 0.12540 1.00196
0.020 7.90259 8.16825 0.25296 1.00795
0.030 7.83899 8.50059 0.38678 1.01832
0.040 7.75314 9.21084 0.53988 1.03384
0.041 7.74343 9.33013 0.55786 1.03572
0.042 7.73353 9.46723 0.57682 1.03768
0.043 7.72344 9.62809 0.59701 1.03970
0.044 7.71317 9.82262 0.61918 1.0418
0.045 7.70271 10.0695 0.64408 1.04398
0.046 7.69207 10.4125 0.67400 1.04624
0.047 7.68126 11.0316 0.71775 1.04859

According to expression (55) the total mass of the generalized polytrope can
be rewritten in the form

M(Ω) = 2πλ3ρc

+1
∫

−1

dz

ξ1(z)
∫

0

ξ2
f(ξ/ξ1)

f(0)
{y(ξ) + Ω2Ψ(ξ, z)}3dξ. (63)

In Tab. 3 there is also shown the ratio

η(Ω) = M(Ω) ·M−1
3 , (64)

where M3 is the mass of the generalized polytrope without rotation. In Fig. 8
there is shown the dependence of polar and equatorial radii for two rotational
polytropes: the standard one with angular velocity Ω0 and the generalized one
with angular velocity Ω. The increase in the equatorial radius of the generalized
polytrope under the influence of rotation is several times greater than the similar
change for the standard polytrope.
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– to the generalized polytropic model.

5. Conclusions

1. The generalized polytropic model of stars with a spatially heterogeneous dis-
tribution of chemical composition, created by thermonuclear reactions, was
substantiated using the Eddington method. This is manifested in the radial
dependence of the dimensionless effective molecular weight. The standard
polytropic model with n = 3 represents the limiting case when f(r) = 1 and
corresponds to a star of zero age. This is confirmed through the calculation of
characteristics of the Sun within both the standard and generalized models,
and the comparison with the results of calculating the Sun’s characteristics
at zero age and in the modern epoch based on the Schwarzschild equations
(Schwarzschild, 1958).

2. Modeling the radial distribution of partial density of hydrogen also allows
us to calculate the evolutionary characteristics of the star, which are shown
in Table 2. The table provides the central density, radius, and moment of
inertia of the Sun at different epochs.

3. As shown in Section 4, the influence of rotation in the generalized polytropic
model leads to much greater changes in mass, polar, and especially equatorial
radii than in the case of the standard rotational polytrope. For example, for
the maximal value of the dimensionless angular velocity (Ωmax = 0.047 . . .),
the increase of mass and equatorial radius due to rotation is almost 3 times
greater than in the standard rotational polytrope.

4. The calculations demonstrate the significant advantages of the generalized
polytropic model. The results of Chandrasekhar (1933), James (1964),
Caimmi (1980), Williams (1988), Kong et al. (2015), Knopik et al. (2017)
and Vavrukh et al. (2020), which are based on the standard rotational poly-
tropic model, correspond to stars with zero age and have a limited field of
application.
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Abstract. At times, it becomes necessary to verify the internal consistency
of meteor shower characteristics, regardless they are one’s own observations
or information taken from the literature. A check of internal consistency also
appears desirable when the shower characteristics are reported to the Meteor
Data Center (MDC) of the International Astronomical Union (IAU). In this
article, we describe and provide software that we have developed, which is ca-
pable of performing checks of internal consistency between the mean geocentric
parameters (solar longitude, geocentric radiant, and geocentric velocity) and
mean orbital elements (perihelion distance, eccentricity, argument of perihelion,
longitude of ascending node, and inclination) of a shower or several showers.
The program is freely accessible (Fortran77 source code as well as executable
static binary code) along with this article or from the IAU MDC web pages.

Key words: meteor showers – geocentric parameters – orbital elements –
meteoroid data verification – software

1. Introduction

The Meteor Data Center of the International Astronomical Union (IAU MDC,
hereafter) provides, via its web site (https://www.iaumeteordatacenter.org/),
both individual meteoroids (Orbital Database) and meteor shower data (Shower
Database), see Rudawska et al. (2021). These data include, with some exceptions
concerning the meteor showers, both geocentric and heliocentric parameters.
There is a close relationship between geocentric and heliocentric parameters for
individual meteoroids. The latter are calculated using the values of the geocen-
tric parameters. Here we also have the possibility of performing inverse calcula-
tions. Thus, for geocentric and heliocentric individual meteoroid data given in
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the literature or online catalogs, we have the opportunity to check their mutual
consistency. In the past and quite recently, such a check has been done many
times, both for photographic and radio data, e.g. by Jopek (1986, 1991); Jopek
et al. (2003); Koseki (1986); Lindblad (1991, 1992); Lindblad et al. (2001, 2003);
Svoreň et al. (2008); Neslušan et al. (2012, 2014). It turned out that for several
hundred meteoroids there were various types of numerical inconsistencies, which
show how important it is to verify individual meteoroid data.

It would, therefore, be expected that inconsistencies may be encountered for
a part of the data of meteoroid streams listed in the IAU MDC. One shower in
the MDC can be reported by more than a single author team; each report of
shower is regarded as its “solution”. As far as we know, with the exception of
Koseki (2016), the verification of the internal consistency of the meteor shower
solution’s characteristics given in the IAU MDC has never taken place. We are
referring here to the internal inconsistency of the data and not to the errors we
corrected in Hajduková et al. (2023), which were related to differences between
submitted parameters and their values in the source publications. To this end, we
would like to use a method similar to that used for testing individual meteoroid
data.

However, in the case of meteoroid streams, a close relationship between the
mean geocentric and heliocentric parameters is most often not the case. Usually,
mean values of geocentric and heliocentric parameters are calculated separately,
as arithmetic means of individual meteoroid parameters, members of a given
stream. This causes some difficulties in verifying the meteoroid stream data.
Therefore, we are forced to use a procedure of approximate nature.

In the following sections, we describe the method for assessing the internal
consistency of meteoroid stream data and the resulting software for determining
such consistency.

2. Calculation of geocentric parameters

In the following, we consider a hypothetical “mean meteoroid” moving in the
mean orbit of a given meteoroid stream. If the mean orbital elements, perihelion
distance, q, eccentricity, e, argument of perihelion, ω, longitude of ascending
node, Ω, and inclination, i, are known, then it is possible to find the point of
the mean orbit, where the mean meteoroid approaches the Earth’s orbit, and
next, to calculate the meteor’s geocentric radiant, geocentric velocity, and solar
longitude of the point of approach. The calculated values can be compared with
their observed counterparts given in the IAU MDC list. A significant difference
between the corresponding values indicates an inconsistency in the data.

In the past, as well as sometimes nowadays, it is assumed that the orbit of
each meteoroid colliding with the Earth must cross the orbit of our planet. In
general, this is not true, but in the past, and perhaps even now, some authors,
when calculating the orbit of a meteoroid, make this assumption which simpli-
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fies the calculation process. Precise calculations also require knowledge of the
observed position of the meteoroid relative to the center of the Earth.

However, the aforementioned assumption is definitely not met for the mean
orbit of a stream, which is calculated as a simple arithmetic average of a given
element of all individual meteoroids belonging to the stream. Hence, to calculate
the mean shower’s geocentric parameters more simply, the known mean orbit of
the stream has to be modified to achieve the crossing of the Earth’s orbit. This
modification was carried out by the most appropriate of six methods, which were
also considered in creating the computer program that calculates the meteor
radiant (Neslušan et al., 1998). The most appropriate method provides us with
the crossing point of both meteoroid and Earth orbits and, hence, with the date
in the year when the crossing happens.

There is, however, a difference between the calculation of the position of
Earth in the case of an individual meteoroid and the mean meteoroid. The
mean orbit of a stream is often calculated based on the meteor data collected
during a period spanning several years. Even in a single year, the position of
this planet is different at the moments of the fall of individual members of the
stream. In the case of a mean meteoroid, its exact time of fall cannot be found.
We can determine only the mean solar longitude in a specific year. We chose
the year 2000. Since the mean orbits of known streams have been determined
in the twentieth and twenty-first centuries, the choice of the fixed year does not
result in a significant deviation in the Earth’s position since its orbit changes
negligibly during about two centuries.

When the crossing point is recognized, by one of the six considered methods,
we know the true anomaly of the mean meteoroid at this point; therefore, we can
calculate the components of its heliocentric velocity vector, V h. At the crossing
point, the Earth’s heliocentric velocity vector, V E , is also known. From these
two vectors, the geocentric velocity vector, V g, of the mean meteoroid can be
calculated as

V g = V E − V h, (1)

whereby the direction to the radiant is pointed out by vector −V g.
At the crossing point, the ecliptic longitude, λE , and the heliocentric radius

vector of the Earth, rE , which is identical with the heliocentric radius vector of
the mean meteoroid are also known; while the moment of activity of a meteor
swarm is represented by the corresponding solar ecliptic longitude λ⊙

λ⊙ = λE + 180◦, (2)

and the magnitude of the mean meteoroid’s geocentric velocity (in [au/day])
can be calculated as

Vg = k
√

M⊙

√

2

rE
−

1− e

q
, (3)

where k is the Gauss gravitational constant.
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The geocentric parameters, solar longitude, right ascension and declination
of the geocentric radiant and the geocentric velocity are calculated in the above-
outlined way by the program radiants.f. Before using it, one has to prepare
the input data file (its default name is allshowers11jan2023.db; the name can,
however, be defined in the input-parameter file inparams.rad, see below). The
structure of this file should remain constant. The file should contain the mean
parameters of all showers to be checked. The data on each shower must be given
in one line, whereby the data are arranged in order:

IAU No. of the shower (IAU shower number),
additional number (AdNo.) of the solution of the shower,
mean solar longitude [deg],
mean right ascension of geocentric radiant [deg],
mean declination of geocentric radiant [deg],
mean geocentric velocity [km s−1],
mean perihelion distance [au],
mean eccentricity [1],
mean argument of perihelion [deg],
mean longitude of ascending node [deg],
mean inclination [deg], and
number of meteors in a given solution (if unknown give −1).

Before the run of the radiants program, another input file, inparams.rad,
must be prepared. In this file, we can define the names of the files with the
input and output data and the acceptable difference (tolerance) of the checked
parameters. Namely, the values calculated by the original author and by us are
expected to differ because of various reasons, such as using different methods
of radiant determination, calculation of the position of the Earth in different
years, etc. For example, if we choose the tolerance for the right ascension of the
geocentric radiant equal to 3◦, only the difference larger than 3◦ between the
original and our calculated values will occur in the list of the differences given
in their output file (see below). Each value that should be given in inparams.rad
is described in the previous line of this file.

After running the program radiants, two (or three) output files will occur.
Their default names are check orb.d and errors geo.inf (but the user can define
other names in the file inparams.rad if they wish). In the file check geo.d, there
is a list of the following geocentric quantities of all considered shower solutions:

serial number of solution,
IAU No. of the shower,
additional number (AdNo.) characterizing the particular solution of the

shower,
solar longitude [deg],
right ascension of geocentric radiant [deg],
declination of geocentric radiant [deg],
geocentric velocity [km s−1],
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and the method of the modification of orbit to cross the orbit of the Earth (Q,
B, W, A, H, P; the description can be found in (Neslušan et al., 1998)).
IAU No. and AdNo. are the unique identification codes of a given solution. (Un-
fortunately, in a few cases the AdNo. was changed in the past versions of the
MDC list; it is fixed from January 1, 2024.)

The geocentric parameters are given in two lines, whereby the values pub-
lished by the original author are in the first and the values calculated by the
program are in the second line. See below an example, an extract of the content
of the file check geo.d:

Example 1 (check_geo.d):

ser.No. IAU AdNo LS RA DEC Vg method

-------------------------------------------------------

1 1 0 128.900 306.600 -8.200 22.200

129.283 306.446 -8.364 22.108 H

2 1 1 122.300 306.700 -9.300 23.400

122.415 303.344 -10.024 23.127 H

3 1 3 127.660 307.680 -9.920 22.800

128.803 307.258 -9.354 22.381 H

4 1 4 127.900 307.100 -8.900 22.600

127.922 306.675 -9.041 22.520 H

5 1 5 123.300 302.900 -9.900 22.200

123.238 302.609 -10.012 22.137 H

6 1 8 125.400 306.500 -9.200 23.000

125.028 304.328 -9.654 22.806 H

7 1 10 115.200 300.000 -11.900 25.000

115.231 299.651 -12.028 24.880 H

8 1 11 124.100 304.300 -9.900 23.200

124.100 303.947 -9.947 23.135 A

9 1 12 130.400 307.700 -8.300 21.900

130.491 307.161 -8.328 21.740 H

10 2 0 217.300 48.700 13.000 28.000

217.364 49.464 13.390 27.722 H
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11 2 1 207.600 40.600 10.300 27.800

208.021 41.619 10.677 27.451 H

12 2 2 221.500 51.700 14.000 28.200

221.646 52.242 14.113 28.015 H

13 2 3 196.000 31.000 8.000 27.920

196.062 30.613 9.866 27.633 H

14 2 5 16.000 30.900 8.100 28.200

195.973 31.225 8.159 27.922 H

15 2 6 34.400 47.900 12.800 26.600

214.081 47.253 12.711 26.551 H

16 2 8 224.500 54.900 14.600 28.000

224.580 55.520 14.748 27.726 H

17 2 9 22.400 36.800 9.700 28.600

200.505 36.183 9.765 29.489 Q

18 2 10 41.600 51.800 13.700 27.400

221.576 52.436 13.900 27.190 H

19 2 11 242.100 65.300 14.900 23.400

242.125 65.619 15.067 23.351 H

20 2 12 85.100 82.900 14.900 20.600

264.973 82.962 15.091 20.566 H

The found differences in the verified parameters, larger than the defined
tolerances (by the user in file inparams.rad), are written into the output file
errors geo.inf. Each difference is given in one line, which contains the IAU No.
of the shower, the AdNo. of its solution, the value of the parameter published
by the original author (“observed” value), and the value of this parameter as
re-calculated by the program. There can be several wrong parameters in one
shower solution, therefore the differences for this solution are then written in
several lines. See below an example, an extract of the file errors geo.inf:

Example 2 (errors_geo.inf):

IAU No. = 11 AdNo. = 0 V_g_orig = 36.000 V_g_rec. = 33.806

IAU No. = 11 AdNo. = 1 LS_orig = 280.50 LS_rec. = 339.90
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IAU No. = 11 AdNo. = 1 RA_orig = 182.10 RA_rec. = 170.67

IAU No. = 11 AdNo. = 1 DEC_orig = 2.60 DEC_rec. = 5.73

IAU No. = 16 AdNo. = 3 RA_orig = 134.40 RA_rec. = 128.67

IAU No. = 16 AdNo. = 3 V_g_orig = 58.900 V_g_rec. = 55.880

IAU No. = 18 AdNo. = 4 LS_orig = 231.10 LS_rec. = 320.92

IAU No. = 18 AdNo. = 4 RA_orig = 21.70 RA_rec. = 133.03

IAU No. = 18 AdNo. = 4 DEC_orig = 33.50 DEC_rec. = 39.84

IAU No. = 21 AdNo. = 0 V_g_orig = 20.000 V_g_rec. = 17.010

IAU No. = 21 AdNo. = 4 DEC_orig = 2.90 DEC_rec. = 6.16

IAU No. = 21 AdNo. = 4 V_g_orig = 18.800 V_g_rec. = 16.898

Sometimes, there is a need to know the geophysical parameters determined
by every method used to modify the mean orbit. The user can specify such a
request in the input file inparams.rad, writing another, extensive, output file,
which is named by the program debug.d.

For every shower solution, there is given the minimum-orbit intersection
distance (MOID) between the orbit of the Earth and the post-perihelion and
pre-perihelion arcs of the solution orbit, and all calculated parameters, when
the known orbit of the solution is modified to exactly cross the Earth’s orbit,
by each of the six methods used (Q, B, W, A, H, and P; see (Neslušan et al.,
1998)). In more detail, there are three values of each parameter also listed in the
input data file: the value published by the original author, the value calculated
by the program for the node on the post-perihelion arc, and the value calculated
by the program for the node on the pre-perihelion arc of the mean orbit of the
solution. The Southworth & Hawkins (1963) D criterion between the originally
published mean orbit and the modified orbit crossing the orbit of our planet in
the first or second node is also given along with the heliocentric speed.

An example of a part of the debug.d file for one solution and one method of
the modification of the mean orbit is below.

Example 3 (debug.d):

IAU No. = 1 AdNo. = 0

MOID: 0.0214 0.0009

P-method:

D_1, D_2: 0.026 0.001

q: 0.602 0.600 0.602

e: 0.770 0.771 0.770

arg.: 266.670 275.943 266.292

node: 128.900 119.773 129.272

i: 7.680 6.716 7.643

lambda_sun: 128.900 299.773 129.272

R.A.: 306.600 306.273 307.237
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DEC.: -8.200 -28.949 -8.330

V_g: 22.200 22.322 22.332

V_h(calc.): 38.267 37.542

3. Calculation of orbital elements

We again consider a hypothetical “mean meteoroid” moving in the mean orbit
of a given meteoroid stream. This time, the mean geocentric parameters, so-
lar longitude, λ⊙, right ascension, α, and declination, δ, of geocentric radiant,
and geocentric velocity, Vg, are known and a program named elements.f cal-
culates the orbital elements, perihelion distance, q, eccentricity, e, argument of
perihelion, ω, longitude of ascending node, Ω, and inclination, i.

It is the inverse calculation with respect to that performed by the program
radiants.f. Both calculations are useful. Sometimes, the cause of a large dif-
ference cannot be revealed by the first program but can be revealed by the
second program. For example, if there is a typing error in the mean argument
of perihelion of a solution, we obtain all calculated geocentric parameters sig-
nificantly different from those published by the original author. However, the
inverse calculation of orbital elements results only in a difference in the argument
of perihelion.

The names of input and output files as well as the tolerance in the checked
orbital elements can be specified when one wants to use a program elements, in
the input file inparams.ele. The input data file, with all mean parameters for all
checked shower solutions, is identical with the input data file for the program
radiant (its default name is allshowers11jan2023.db).

There are again two output files created by the program elements. Their
default names are check orb.d and errors orb.inf (they can be changed in the
file inparams.ele). File check orb.d contains the re-calculated orbital elements
for every solution. In the individual columns of this file, there are given: serial
number of the given solution, IAU No. of the shower, number of its solution,
perihelion distance, eccentricity, argument of perihelion, longitude of ascending
node, and inclination. The orbital elements are written in two lines. While the
values published by the original author can be seen in the first line, the values
calculated by the program elements are in the second line. See below an extract
of the content of the file check orb.d:

Example 4 (check_orb.d):

ser.No. IAU AdNo q e arg. node i

-----------------------------------------------------------

1 1 0 0.60200 0.77010 266.670 128.900 7.680

0.59710 0.75842 267.403 128.078 7.860
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2 1 1 0.55000 0.76800 273.300 122.300 7.700

0.50719 0.74188 280.113 121.678 8.125

3 1 3 0.59000 0.77000 269.000 127.660 7.000

0.56579 0.76247 271.335 126.914 6.796

4 1 4 0.58600 0.77000 268.400 127.900 7.400

0.57631 0.75969 270.079 127.107 7.538

5 1 5 0.58600 0.75000 269.200 123.300 7.300

0.58152 0.74559 270.044 122.841 7.394

Output data file with the default name errors .inf contains the list of values
which differ more than the specified tolerance. Again, one wrong parameter is
written in one line. The line consists of the IAU No. of the shower, the AdNo. of
its solution, the value of the parameter published by the original author (“ob-
served” value), and the corresponding value calculated by the program elements.
See below an extract of the content of the file errors orb.inf:

Example 5 (errors_orb.inf):

IAU No. = 1 AdNo. = 1 arg_orig = 273.3 arg_rec. = 280.1

IAU No. = 2 AdNo. = 3 i_orig = 3.0 i_rec. = 5.5

IAU No. = 5 AdNo. = 0 i_orig = 30.8 i_rec. = 28.0

IAU No. = 5 AdNo. = 3 i_orig = 27.2 i_rec. = 17.2

IAU No. = 5 AdNo. = 3 arg_orig = 152.8 arg_rec. = 146.5

IAU No. = 6 AdNo. = 2 e_orig = 0.968 e_rec. = 1.057

IAU No. = 11 AdNo. = 1 q_orig = 0.382 q_rec. = 0.003

IAU No. = 11 AdNo. = 1 e_orig = 0.851 e_rec. = 0.994

IAU No. = 11 AdNo. = 1 i_orig = 3.5 i_rec. = 46.9

IAU No. = 11 AdNo. = 1 arg_orig = 349.1 arg_rec. = 359.3

IAU No. = 13 AdNo. = 4 arg_orig = 172.3 arg_rec. = 166.9

IAU No. = 13 AdNo. = 7 arg_orig = 171.1 arg_rec. = 164.8

IAU No. = 13 AdNo. = 8 arg_orig = 170.8 arg_rec. = 165.7

IAU No. = 16 AdNo. = 3 nod_orig = 76.5 nod_rec. = 85.4

IAU No. = 17 AdNo. = 0 q_orig = 0.350 q_rec. = 0.296

IAU No. = 17 AdNo. = 0 arg_orig = 294.9 arg_rec. = 303.9

IAU No. = 18 AdNo. = 4 nod_orig = 321.1 nod_rec. = 229.6

IAU No. = 20 AdNo. = 6 e_orig = 0.810 e_rec. = 0.757
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4. Types of the differences

Both introduced programs should serve to reveal significant internal inconsis-
tencies in the meteor shower data. The user alone must however define what a
difference in a given parameter should be regarded as a discrepancy, i.e. they
must set the tolerance limit. A good choice of tolerance limits can be made
with the help of the distributions of the absolute values of differences in the
checked set of parameters which are shown in Figs. 1 (geocentric parameters)
and 2 (orbital elements). In more detail, these figures show the distributions of
the differences of checked parameters between the values as given in the MDC
list and those calculated by us using the programs. When selecting tolerance
limits, none should be overly strict to avoid the detection of many acceptable
differences. In the calculation resulting in the examples presented above, the
tolerance in declination of radiant and inclination of orbit was 2.5◦, and the
tolerance in the other angular elements 5◦. The tolerance in geocentric velocity
(perihelion distance and eccentricity) was 1.5 km s−1 (0.05 au and 0.05).

On the other hand, the checking of consistency would not be very accurate
(will not serve its purpose) if the tolerance was too large. When compromising,
a difference of a parameter may only slightly exceed the tolerance limit, and
the published value can, thus, be still acceptable. For example, the published
mean inclination of solution AdNo. 3 of the shower with the IAU No. 2 (the
second line in Example 5 above) is 3◦ and the calculated inclination is 5.543◦.
The difference is 2.543◦, which exceeds the tolerance in inclination of 2.5◦ only
about 0.043◦. This is not a significant difference; the solution can be regarded
as correct.

In Fig. 2d, we can see that the number of showers does not decrease with the
increasing difference, but there is a peak at the difference ∆Ω ≈ 2◦. Our analysis
revealed that this peak occurs because many authors considered the Earth orbit
to be circular, when they calculated the orbital elements. In Fig. 3a, we see
that ∆Ω of many showers acquires a value near 2◦ in two specific, relatively
narrow intervals of Ω. When we construct the function ∆Ω = ∆Ω(Ω), whereby
∆Ω is the difference of Ω calculated by considering the elliptical and circular
Earth’s orbit, then the curve showing the dependence (Fig. 3b) matches the
sinusoid-like accumulation of points of many real showers. Two sinusoid-like
curves correspond one to the showers colliding with the Earth in the ascending
and second to the showers in the descending node of their orbit.

Another type is a simple typing error. An example of such an error was the
value of the mean longitude of the ascending node in solution AdNo. 4 of the
shower with the IAU No. 18 in the recent version of the MDC data. The value
was equal to 321.1◦ (the second last line in Example 5 above). We see that
the corresponding calculated value is 229.6◦, therefore numerals “2” and “3”
were obviously interchanged in the published value. When the value of 321.1◦ is
corrected to 231.1◦, none of the parameters of this solution are listed as incorrect
in the file errors geo.inf or errors orb.inf. The mean longitude of the ascending
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Figure 1. Distributions of absolute values of differences between the solar longitudes

(panels a-1, a-2), right ascensions (b) and declinations (c) of geocentric radiants, and

geocentric velocities (d) as given in the MDC list of showers (the version on January

11, 2023, with 1182 complete solutions) and calculated with the help of a program

created within this work.
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Figure 2. Distributions of absolute values of differences between the perihelion dis-

tances (panel a), eccentricities (b), arguments of perihelion (c), longitudes of ascending

node (d), and inclinations (e) as given in the MDC list of showers (the version on Jan-

uary 11, 2023, with 1182 complete solutions) and calculated with the help of a program

created within this work.
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Figure 3. The figure to explain the reason for the highest peak in the distribution of

the differences in longitude of ascending node, Ω, which is seen in Fig. 2d. In panel

(a), the size of the difference of Ω in the interval from 1.8◦ to 2.0◦ (the highest peak

in Fig. 2d) as the function of Ω is shown. This difference is more abundant in two

specific intervals of this orbital element. In panel (b), there is shown the Ω-difference

as depends on Ω in the interval −4◦ to +4◦ (black points). One can observe a twofold

sinusoid-like behavior of the difference between many showers. The smallest derivative

of these curves is just in the intervals of the peak. The red curves show the difference

when Ω is calculated considering the true, elliptical, and circular orbits of the Earth.

One curve corresponds to the showers colliding with our planet in the ascending and

the other in the descending node of their orbit.
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node is then consistent with the mean solar longitude of this solution, which
equals just 231.1◦. (The erroneous value was, meanwhile, corrected; the right
value can be found on the current MDC website.)

In Fig. 1a-1, we can see quite a lot of differences in the solar longitude equal
to ∼180◦. Obviously, the solar longitude was misidentified with the longitude
of the Earth. A wrong identification of the quadrant can also occur at other
angular parameters.

Some solutions are completely inconsistent. An example of such a solution
is AdNo. 1 of the shower IAU No. 11. When its geocentric parameters are
calculated using the program radiants, the large differences, above the tolerance
limits, are found in the solar longitude, right ascension and declination of radiant
(the second to fourth lines of Example 2 above). Using the program elements for
the reverse calculation, one can find significant differences in perihelion distance,
eccentricity, inclination, and argument of perihelion (the seventh to tenth lines
of Example 5). The cause of the inconsistency in such a case is unknown.

The errors of the above-outlined types can occur due to a wrong determina-
tion of parameters (in the far past, the calculations were performed manually).
Or, the inconsistency occurred due to a mistake when the data were re-written.
The authors often create a table of geocentric data of showers and another table
with their orbital elements. When merging these tables, the geocentric (orbital)
parameters belonging to the previous or next showers in the table may be erro-
neously read and merged with the orbital (geocentric) parameters of the given
shower. Of course, other reasons are not excluded.

5. Access to the software

The programs are freely accessible with this article, https://www.astro.sk/

caosp/Eedition/FullTexts/vol54no1/pp57-71.dat/, and on the website of the
IAU MDC1, in the download section of the Shower Database part. In more de-
tail, the Fortran77 source code of both programs, radiants.f and elements.f as
well as the executable static binary codes, radiants.exes and elements.exes, are
provided together with the template input and output data files. These files can
be immediately run on the machines with the UNIX/Linux operation system.
File readme with the description of the whole package is attached.

We recommend that researchers who deal with meteor showers use the pro-
grams and verify, in this independent way, the mutually dependent shower pa-
rameters.
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ISSN (on-line verzia): 1336-0337
CODEN: CAOPF8
Rok vydania: 2024
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